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This paper is about robust Model Predictive Control (MPC) for linear systems with additive and mul-
tiplicative uncertainty. A novel class of configuration-constrained polytopic robust forward invariant
tubes is introduced, which admit a joint parameterization of their facets and vertices. They are the
foundation for the development of novel Configuration-Constrained Tube MPC (CCTMPC) controllers
that freely optimize the shape of their polytopic tube, subject to conic vertex configuration constraints,
as well as associated vertex control laws by solving convex optimization problems online. It is shown
that CCTMPC is—under appropriate assumptions—systematically less conservative than Rigid- and
Homothetic- Tube MPC. Additionally, it is proven that there exist control systems for which CCTMPC
is less conservative than Elastic Tube MPC, Disturbance Affine Feedback MPC, and Fully Parameterized
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1. Introduction

During the last two decades, Tube MPC (Langson, Chrysso-
choos, Rakovi¢, & Mayne, 2004) has emerged as a sensible alter-
native to robust dynamic programming (Bertsekas, 2012; Diehl &
Bjornberg, 2004) and min-max feedback MPC (Goulart, Kerrigan,
& Maciejowski, 2006) for formulating, analyzing and approxi-
mating the robust control synthesis problem (Scokaert & Mayne,
1998). It is a set-based framework (Blanchini & Miani, 2015),
whose underlying principle consists of replacing system trajec-
tories by so-called robust forward invariant tubes. These are
set-valued functions in the state-space, enclosing all future states
of the system, for a given feedback law, independently of the
uncertainty realization (Mayne, Seron, & Rakovic, 2005).

Practical Tube MPC formulations rely on the parameteriza-
tion of their set-valued tubes and, in the context of many ex-
isting approaches, also the feedback law. Thus, Tube MPC is
harder to formulate and solve than certainty-equivalent MPC.
As such, from a practical perspective, one has to ask whether
the effort of investing into a robust MPC formulation pays out
in the first place (Mayne, 2015). However, at least for linear
systems, a variety of tractable convex Tube MPC formulations
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exists. This includes the early tube MPC formulation from Chisci,
Rossiter, and Zappa (2001) as well as the so-called Rigid-Tube
MPC (RTMPC) (Mayne et al., 2005), Homothetic Tube MPC (HTMPC)
(Langson et al., 2004; Rakovi¢, Dai, & X., 2022; Rakovi¢, Kou-
varitakis, & Cannon, 2013; Rakovi¢, Kouvaritakis, Findeisen, &
Cannon, 2012), Elastic Tube MPC (ETMPC) (Fleming, Kouvaritakis,
& Cannon, 2015; Rakovi¢, Levine, & Acikmese, 2016), and Fully Pa-
rameterized Tube MPC (FPTMPC) (Rakovi¢, Kouvaritakis, Cannon,
Panos, & Findeisen, 2011, 2012) formulations.

In general, it is impossible to optimize over arbitrary sets
and feedback policies. Consequently, there is no unique way of
answering what is the best way of implementing robust MPC. In-
stead, one has to trade-off between introducing conservatism and
improving computational run-time performance (Koéhler, Andina,
Soloperto, Miiller, & Allgéwer, 2019). For instance, ETMPC is less
conservative than RTMPC, but comes at the cost of introducing
more optimization variables. Similarly, affine feedback policies
are, in general, sub-optimal (Bertsimas & Goyal, 2012), but many
robust MPC schemes use affine ancillary feedback laws—or affine
disturbance feedback laws as in the context of Disturbance Affine
Feedback MPC (DAFMPC) (Goulart et al., 2006)—in order to arrive
at a tractable reformulation. And, last but not least, the param-
eterization of the tube is often based on polytopes (Rakovic,
Kouvaritakis, Findeisen, & Cannon, 2012), ellipsoids (Villanueva,
Quirynen, Diehl, Chachuat, & Houska, 2017), or other classes of
computer representable sets, but the choice of such set parame-
terizations affects the run-time and performance of the associated
controller.
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Main contribution. This paper proposes a class of Configuration-
Constrained Tube MPC (CCTMPC) controllers for linear discrete-
time systems with additive and multiplicative uncertainty that
admit a strictly contractive robust invariant set. CCTMPC is based
on convex optimization and scales linearly with respect to the
length of the controller’s prediction horizon while its level of
conservatism solely depends on the number of facet directions
and the vertex configuration of the polytopes that are used to
parameterize the tube. CCTMPC is—under suitable assumptions
that, however, merely aim at making these controllers compa-
rable at all-never more conservative than RTMPC and HTMPC.
This statement holds for all existing variants of HTMPC, includ-
ing the vertex control optimization based variants of polytopic
HTMPC that are proposed in Langson et al. (2004, Section 3.3)
and recently revisited in Rakovi¢ et al. (2022). Here, we say that
a given Tube MPC scheme “A” is never more conservative than
another Tube MPC scheme “B” only if we are capable to prove
that the set of all possible tubes and all possible feedback laws
that are representable by scheme A contains the corresponding
set of representable tubes and feedback laws of scheme B. And it
is also in this rather strict sense that we shall prove that CCTMPC
is never more conservative than ETMPC for systems with two
states. Additionally, it is possible to show via numerical examples
that CCTMPC performs better than ETMPC for a couple of selected
problems in higher dimensions. Besides, a principal advantage of
CCTMPC is that it can directly tackle both additive as well as
multiplicative uncertainties. A similar extension is possible for
homothetic tube parameterizations as briefly pointed out in Lang-
son et al. (2004, Section 5) and further discussed in Rakovic¢
et al. (2022, Section 6 B), which will be obtained as a special
case of CCTMPC. In order to facilitate such extensions of ETMPC
for systems with multiplicative uncertainty, however, one may
need to find an affine control law that is robust with respect to
the mentioned additive and multiplicative uncertainties (Fleming
et al,, 2015). This is in contrast to CCTMPC, which is not based on
the availability of robust affine control laws. Moreover, there exist
linear control systems for which CCTMPC can be proven to be less
conservative and less computationally demanding than DAFMPC
and FPTMPC.

Overview. This paper is organized as follows.

e Section 2 introduces the problem formulation.

e Section 3 reviews the definition of template polyhedra.
Novel conic configuration domains are introduced, which
correspond to the set of parameters of template polyhedra
that share a given face configuration. Theorem 1 provides
a unique characterization of these configuration domains.
Moreover, Theorem 2 elaborates on their use for comput-
ing vertex representations of polytopes that are given in
half-space representation.

e Section 4 presents an exact and computationally tractable
condition under which a sequence of configuration-constr-
ained polytopes form a robust forward invariant tube; see
Corollary 4.

e Section 5 discusses the practical implementation of CCTMPC,
recursive feasibility, and asymptotic stability; see Theo-
rem 4.

e Section 6 discusses three tutorial examples, supported by
numerical illustrations. It is explained and visualized un-
der which assumptions CCTMPC is less conservative than
RTMPC, HTMPC, and ETMPC. An explicit example for an
uncertain linear system with 4 states and 1 control input
is constructed, for which CCTMPC is less conservative than
both DAFMPC and FPTMPC.

e Finally, Section 7 concludes the paper.
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2. Tube MPC

This section introduces the basic notation for uncertain linear
systems, reviews the concept of robust forward invariance, and
discusses our problem formulation.

2.1. Uncertain linear systems

This paper is concerned with systems of the form
Xir1 = AXk + Biug + Cwy . (1)

Here, x, € X denotes the state at time k € N and u, € U the
control input. The state and control constraint sets, X C R™
and U C R™, are assumed to be closed and convex. In the most
general setting, the matrices

[Ax, Bkl € A C R > (M+1u)

and vectors wy € W are both unknown. The polytope
def o o

A S conV( [A1, B1], [A2, B2], ..., [A}, Bl] )

has given vertices, [A1, B1], [As,B2], ...,[A, B/]. The set W C
R™ is assumed to be compact. Additionally, C € R™ ™ js
assumed to be given and constant.

2.2. Robust forward invariant tubes

Let i/ = {u | u : R™ — U} denote the set of control laws. In
the following, we use the notation

def

fXow) = {Ax—i—Bu(xH—Cw xeX, weWw }

[A,Bl € A

to denote the set propagation function. It is defined for all X C
R™ and all control laws u € U.

Definition 1. A set X; C R™ is called a robust control invariant
(RCI) set of (1) if there exists a us € U for which X5 D f(Xs, us).

Definition 2. A sequence of sets Xp, X1,..., Xy € R™, with
N € N U {oo}, is called a robust forward invariant tube of (1)
if there exists a sequence of control laws pq, i1, ... iy € U such
that X1 2 f(Xk, pi) for all indices k € {0,1,...,N — 1}.

The function f should not be mixed up with the function

VxeX, uelU:
V[A,Bl € A, Yw e W,
Ax+Bu+CweX™

FX)= | XT CR™

which is also defined for all sets X € R™, but does not depend
on u. The functions f and F are, however, closely related, since
for two given sets X, X™ C R™ we have

Jueu: XTOf(X,u) < X" eFX).

Note that while f is set-valued, the values of F are sets-of-sets.
Despite this apparent complication, working with F is sometimes
more elegant than working with f. For instance, instead of Defini-
tion 1, one could also say that X; € R™ is an RCI set if X € F(Xs).
This notation highlights that a direct parameterization of control
laws can eventually be avoided as long as one is able to find a
tractable representation of F.
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2.3. Tube MPC

This paper is focused on formulating, analyzing, and solving
Tube MPC problems of the form

N—1
min  Lo(Xp) + Z L(Xk, pi) + Ln(Xn)
X k=0
Vke{0,1,...,N—1}, (2)
s.t. Xi+1 2 f(Xk, i), X € Xo, Xk € X,

Xy CX, Xy e X, Xy €&, Hk €U .

In the context of this paper, X denotes a suitable class of polyt-
opes—to be specified in Section 5. This means that the set-valued
optimization variables of (2), Xp, X1, ..., Xy, form a robust for-
ward invariant polytopic tube satisfying the state constraints,
X, C X over the prediction horizon of the controller. In this con-
text, X denotes the current state measurement and the constraint
X € Xp ensures that the first set of our optimized tube contains
X. Note that the control laws u = (ug, i1, ..., n—1) are freely
optimized: we shall not impose any restrictions on these control
laws apart from requiring that they respect all constraints in (2).

A discussion on how to design the stage cost L : X x U — R
as well as the initial- and end-cost Ly : X — Rand Ly : X —> R
can be found in Section 5.

3. Template polyhedra

Our construction of a tractable reformulation of (2) is based
on parametric polyhedra, which have been analyzed by many
authors (Bemporad, Morari, Dua, & Pistikopoulos, 2002; Blan-
chini & Miani, 2015; Mayne et al., 2005; Rakovié, Kouvaritakis,
Findeisen, & Cannon, 2012; Rakovi¢ et al., 2016). Therefore, our
introduction of polyhedra in Section 3.1 is kept short, but Sec-
tions 3.2 and 3.3 review how generalized faces and facial con-
figurations of template polyhedra can be defined and analyzed.
Novel ideas are presented in Sections 3.4 and 3.5, which introduce
a class of configuration-constrained polytopes that admit a joint
parameterization of their facets and vertices; see Theorem 2.

3.1. Polyhedra and polytopes

Let Y € R™" be a given matrix. Throughout this paper,
polyhedra with parameter y € R™ are denoted by

P(Y,y) € (xeR" | Yx <y} CR".

Every polyhedron is both convex and closed. If P(Y,y) is also
bounded, it is called a polytope (Bitsoris, 1988; Blanchini & Miani,
2015).

Definition 3. The set of feasible parameters,

Y E {yeR" | PV, )£,

is called the natural domain of the template Y € R™*",

Proposition 1. We have R} C Y, where R denotes the set of
componentwise non-negative vectors in R™.

Proof. If we have y € RT, then the inequality Yx <y is trivially
satisfied for x = 0. Consequently, P(Y, y) is non-empty for all
y € RY, which implies R} C Y. O
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3.2. Faces of polyhedra

Since the developments in this paper build upon understand-
ing the geometry of polyhedra, this section briefly recalls how
faces of polyhedra are defined. Let

I={iy,ip,.... 00} €{1,2,...,m}

be an index set. In the following, the notation

v vy

I

A

T
i

def
and ylze [yilvyiza 7yf|”]T

is used to denote the matrix (or vector) constructed by collecting
all the rows of Y (or coefficients of y), whose index is in the set
I. Moreover,

A {xePY,y) | x>y} 3)

denotes the face of P(Y, y) associated to I. This notation is for-
mally also defined for the case [ =g: Fy(y) = P(Y,y).
Additionally, we recall that 0-dimensional faces are called ver-
tices, 1-dimensional faces are called edges, and faces with co-
dimension 1 are called facets. The intersection of faces is again
a face, since

Moreover, every face of a polyhedron is a polyhedron. Similarly,
the faces of a polytope are also polytopes.

Definition 4. The polyhedron P(Y, y) is called entirely simple if
all of its non-empty faces, F(y) # @, satisfy rank(Y;) = |I|.

Note that n-dimensional entirely simple polyhedra satisfy that
all of their non-empty faces F(y) satisfy |I| < n, since n is an
upper bound on the rank of Y € R™*",

Remark 1. An n-dimensional polytope (with n > 1) is called
simple, if all its vertices lie in exactly n edges, or equivalently,
if it is dual to a simplicial polytope (Griinbaum, 1967). This
naming convention is consistent with Definition 4 in the sense
that entirely simple polytopes are also simple. Note, however,
that Definition 4 depends on the algebraic parameterization of
the polyhedron, not only on its geometric image.

3.3. Face configurations

A face configuration of a polyhedron is the collection of index
sets of its non-empty faces.

Definition 5. The face configuration C(y) of P(Y,y) is

def
cy) E{IC{l,....m} | AW #2).

Moreover, a set Z € 2{1:2--m s called a partial face configuration
of the polyhedron P(Y,y), if Z C C(y).

We say that two polyhedra, P(Y,y) and P(Y,y’), have the
same configuration if ¢(y) = c(y’). Similarly, we say that the
polyhedra P(Y, y) and P(Y, y) share the partial face configuration
7T whenever

cyynz=ciy)nz.

At this point, it is recommended to study Fig. 1. It shows a pair
of polytopes whose face configurations do not coincide. The left
polytope is not entirely simple, since the face 7 (y) with I =
{1,2, 3,4} is non-empty—the corresponding matrix ¥, € R**3
cannot possibly have rank 4. In contrast to this, the polytope
P(Y,y’) in the middle of Fig. 1 is an entirely simple polytope.
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P(Y.,y)
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P(Y,y) Template matrix
1 0 0]

0 1 0

0 0 1

Y=1-1 2 2

-1 0 O

0-1 0

L 0 0 -1

Fig. 1. The polytopes P(Y,y) and P(Y,y’) with y =[1,1,1,3,1,1,1]" and y' = [1,1,1,5/2, 1,1, 1]" for a given template matrix Y € R7*3. Note that both polytopes
have 7 two-dimensional facets; that is, Z = {{1}, {2}, {3}, {4}, {5}, {6}, {7}} is a shared partial face configuration. However, P(Y,y) has 9 vertices, while P(Y,y’) has
10 vertices. This implies that P(Y,y) and P(Y,)’) do not have the same face configuration, c(y) # c(y').

Since there are only finitely many configurations, C must be a
piecewise constant function on Y. As such, it is interesting to ask
which polyhedra P(Y, y) have a locally stable configuration, such
that ¢(y) = ¢(y’) holds for all y" in a small open neighborhood of y.
As it turns out, such a local stability property holds if and only
if P(Y,y) is an entirely simple polyhedron. This statement will
be obtained as a special case of a more powerful global stability
statement—see Theorem 1 and Corollary 2.

3.4. Configuration domains

In general it is hard to bound the number of faces of high
dimensional polyhedra—let alone to compute or to classify them
(McMullen, 1971; Stanley, 1980). Instead, this paper attempts to
characterize the set of polyhedra that share a given (partial) face
configuration.

Definition 6. Let Z be a given collection of subsets of the index
set {1, 2, ..., m}. The set

v E{yeR" | VIieT, Fy) £ o).
is called the configuration domain of Z.

An important observation is that configuration domains admit
computationally tractable representations.

Lemma 1. The configuration domain Yz is for any given set T C
21.2-m} g polyhedral cone.

Proof. Let us introduce the auxiliary sets

K Ay | <y, Yixzy) (4)
forall I € Z, which are, by construction, polyhedral cones in R**™,
since both constraints in (4) are linear (and, thus, homogeneous)
in the stacked vector [xT, yT]". Since the face F;(y) can be written
in the form

Fiy)={xeP(Y,y) | Yix=y },

the set Yy, = {y | Fi(y) # @} is the projection of K; onto the
last m coordinates; that is, Y;; = [0 1] - K. Since projections
preserve polyhedral conic structures, Yy, is a polyhedral cone.
Furthermore, since finite intersections also preserve polyhedral
conic structures,

Yz = [)Yq
leT
is a polyhedral cone, which completes our proof. O

Corollary 1. The set Y is a convex polyhedral cone with non-empty
interior in R™.

Proof. Since Y = Y, the fact that Y is a polyhedral cone
is a special case of Lemma 1. Next, Proposition 1 states that Y
contains the open set R, implying that Y has a non-empty
interior. O

In contrast to Y, the configuration domains Yz do not neces-
sarily have a non-empty interior. Therefore, the definition below
introduces a notion of regularity for Y.

Definition 7. A configuration domain Y7 is regular if its interior
in R™ is non-empty.

The theorem below provides a unique characterization of reg-
ular configuration domains.

Theorem 1. Let T be a set of subsets of {1, ..., m}. The following
statements are equivalent:

(1) The set Yz is a regular configuration domain.
(2) There exists a point o € Yz such that P(Y, o) is an entirely
simple polyhedron.

Theorem 1 can be interpreted as a global configuration stabil-
ity result in the sense that it contains the following local stability
result as a special case.

Corollary 2. The polyhedron P(Y, y) is locally configuration stable
if and only if it is entirely simple.

Moreover, another important consequence of Theorem 1 is
that entirely simple polyhedra are prevalent.

Corollary 3. The polyhedron P(Y,y) is entirely simple for almost
ally e Y.

Proofs of Theorem 1, Corollary 2, and Corollary 3 can be found
in Appendices A and B.

3.5. Vertex configuration domains of polytopes

Let 0 € R™ be such that P(Y, o) is an entirely simple poly-
tope. We use the notation Z, to denote the set of subsets of
{1, 2, ..., m} with n elements such that

f
vE (let, | Flo)£o)
can be interpreted as the index set collection associated with the
vertices of P(Y, o). Clearly, if m denotes the number of vertices
of P(Y, o), we can enumerate them as
def o,
V = {V1, V5, ..., Vm} and define V; = Yviljlvi ,

with 1 being the unit matrix and 1,, a matrix whose n rows are
the n unit vectors of R™ with coordinate index in V;. The matrices
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Yy, are invertible, since P(Y, o) is assumed to be entirely simple.
The points
., Vmo € P(Y,0)

correspond to the m isolated vertices of P(Y, o). Next, for any
given y € R™ an equivalence of the form

Vio, Vho, ..

F¥W)#2 <= Viy € P(Y,y)
= Yy <y
= (YW;—1)y <0 (5)

holds. The latter inequality motivates the introduction of the
conic constraint matrix

YV —1
YV, —1

ES . (6)
YV —1

such that we can write the vertex configuration domain Yy, in its
explicit form

vy P2y eRr™ | Ey<0). (7)

The role of Y,, in the ongoing developments of this paper is
clarified by the following theorem. It implies that for all y € Y,,,
the polytope P(Y, y) has at most m vertices.

Theorem 2. Let P(Y, o) be an entirely simple polytope with vertex

configuration domain Y+, as defined in (7). Then, we have

-, Vay),
where conv(-) denotes the convex hull operator.

Vy € Yy, P(Y,y)=conv(Vyy, Vay,..

Proof. Note that for the scalar case, n = 1, we may assume
Y = (—1, 1)" without loss of generality; that is

PlY,y] = [-y1, 2]

is an interval. The matrices V; = (—1,0) and V, = (0, 1) locate
the two vertices, V1y = —y; and V,y = y,. The associated vertex
configuration domain is then given by

Yy ={y eR*|y; +y, > 0}.

Thus, for n = 1, the statement of the theorem holds, as P(Y, y) =
[—y1,y2] = conv(—y, y,) holds for all y € Y,,.

Next, we may assume n > 2. By the definition of Yy, the sets
{Viy} are non-empty faces of P(Y,y); that is, Viy € P(Y,y) for all
ie{1,2,...,m}, compare (5). Hence, since P(Y, y) is convex, we
have the inclusion

L Vay) CP(Y,y). (8)

For the reverse inclusion, a global geometric argument is needed.
Let S"~! be the unit sphere in R". Since n > 2, the surface area
of "1 is well-defined and given by

conv(Vyy, Vay, ..

27t
r(n/2)°
Moreover, for any given point x € P(Y,y), let
Vx € P(Y,y),
Z"(x —x) <0 }

5" =

Nxy) & { zes!

denote the intersection of "~ ! and the normal cone of P(Y, y) at
x. The Gauss-Federer curvature (Federer, 1959) of any vertex v of
P(Y,y) can now be defined as

def
k(v,y) = N,y

1 We use the notation I'(n) &ef Jo ettt dt for any n > 1.
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where [N (v, y)| denotes the surface area of the spherical polygon
N(v,y). Next, the key observation of this proof is that x can be
used as an invariant: if P(Y, y) is an entirely simple polytope with
y € Yy, then we have

k(Viy,y) = «k(Vio, o). (9)

This follows as the Gauss-Federer curvature of isolated vertices
only depends on the direction of the normal vectors of the facets
intersecting at this vertex. Moreover,

i

v, _ 2t 10
;x( ©.0) = T3 (10)

holds because P(Y, o) has exactly m vertices, namely, all V;o for
i€ {1,2,...,m}. Eq. (9) can be interpreted as a special case of
the Gauss-Bonnet theorem for convex polytopes (Federer, 1959),
which, in our case, simply follows from the fact that the spherical
polygons N(Vjo, o) of the vertices of P(Y, o) form a complete
partition of the unit sphere. Substituting (9) in (10), we find that

272
r(n/2)y’

k(Viy,y) = (11)

'Ms\

Il
N

still assuming that P(Y, y) is an entirely simple polytope. Suppose
P(Y,y) had m + k vertices with k > 0, where

, Vay)

denote the vertices of P(Y, y) that are not in the convex hull of
the m known vertices of the form V;y. If this was the case, then
we would have

* * *
vy, U3, ..., v € conv(Vyy, Voy, ...

m k

2 n
D okVy.y)+ ) ky) = %/22)
i=1 i=1

which, in turn, would contradict (11), since we have (v}, y) > 0.
Consequently, all vertices of P(Y, y) are contained in the convex
hull of the points V;y, which—due to (8)—implies that

» Vimy). (12)

Last but not least, by Corollary 3, P(Y,y) is entirely simple for
almost all y € Y. Thus, so far, we have shown that (12) holds
for almost all y € Yy,. However, since the set of y for which (12)
holds is closed in R™, it follows that the statement of this theorem
holds for ally € Yy. O

P(Y,y) = conv(V1y, Vay, ...

Remark 2. The computational complexity of the above construc-
tion depends on the number of facet normals m and vertices m of
P(Y, o). In this context, we would like to emphasize the following
observations:

(1) m and m only depend on Y and o, which are chosen
by us. This allows a trade-off between the accuracy and
complexity of the set representation.

(2) E is typically sparse. Its number of non-zero entries is much
smaller than m - m?. Moreover, E often has a significant
number of redundant rows.

Remark 3. In R?, one may assume—without loss of generality—
that the rows of the matrix Y have the form

Yi = [ cos(¢), sin(g;) | € R™?

with 0 < ¢1 < 2 < -+ < ¢y < 27. Note that one can always
normalize the constraints Yx < y row-wise and sort them with
respect to their argument in polar coordinates. Moreover, we may
assume that m > 3 and ¢;11 — ¢; < 7w and ¢, — ¢ > 7 for all
ie{l,...,m— 1}, such that P(Y,y) is for all y € Y a polytope.
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The initial parameter is chosen as o = [1,1,...,1]" € R™ and
the vertices enumerated as
Vvi={i,i+ 1} and VvV, ={m,1}

foralli e {1,...,m—1}and V = {V1,..., Vu}. Note that this
construction is such that the auxiliary points & = Y; satisfy, for
alli,je{1,...,m} withi#j,

Yi&i = cos(g)’ + sin(g)’ = 1 =o;,
and Y& = cos(gp; —¢j) < 1=o0j.

Consequently, we have & € Fy; but & ¢ Fy; for i # j. This is
sufficient to ensure that P(Y, o) is entirely simple and has m = m
isolated vertices.

We claim that there exists for every non-empty polytope
P(Y,y) C R ay € R™ such that P(Y,y’) = P(Y,y) and Ey < 0.
The argument is as follows. If we set

Vie{l,...,m}, yidzef max Yix, (13)

xeP(Y,y')
then P(Y,y’) = P(Y,y) holds by construction. Also, by (13), all
facets of P(Y,y) are non-empty. But this is only possible, if the
intersections of all neighboring facets are contained in P(Y,y),
that is

vie{l,...,m}, ViyeP(,y).

By (6), this implies Ey < 0. Thus, our claim holds.
4. Configuration-constrained polytopic tubes

This section presents the construction of configuration-constr-
ained polytopic robust forward invariant tubes. As before, Yy,
denotes the vertex configuration domain of a given entirely sim-
ple polytope P(Y, o), see (7); and E is constructed as in (6). A
sequence of polytopes with parameters yg, 1, ... € Yy, is robust
forward invariant if

VkeN,  P(Y,yk+1) € F(P(Y, y1)). (14)

We recall that U is assumed to be closed and convex while W is
compact. We additionally define

def
w; = max Y;Cw
weW

such that P(Y, w) is a tight polytopic enclosure of CW.
4.1. Vertex control laws

A well-known necessary and sufficient condition for ensuring
that (14) holds is that there exist for every vertex vy ; of P(Y, yk)
a control input uy; € U such that

Ajvki + Bjug i + Cw € P(Y, yit1)

holds for all w € W and all vertices of A—that is, for all j €
{1,...,1}. This statement about the existence of vertex control
laws has—in a slightly different version—been proven by Gutman
and Cwikel (1986). In order to briefly discuss the role of this result
in the context of the current manuscript, we introduce the convex
set

Juq, up, ..., ump €U
Vie{l,...,m},je{l,....1},
Y/KjV,'y—i-YEju,-—i-Egy*

def
FEIwyhH ey

For the sake of the completeness, we provide a short proof of
the following corollary, although its statement is essentially a
direct consequence of Theorem 2, the original results from Gut-
man and Cwikel (1986), and certain properties of linear sys-
tems with multiplicative uncertainties (Kothare, Balakrishnan, &
Morari, 1996).
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Corollary 4. The configuration-constrained polytopes P(Y, y) and
P(Y,yt) with y,y* € Yy, satisfy

P(Y,y*) € F(P(Y,y) <— .y )eF. (15)

Proof. Our proof is divided into two parts. The first part shows
that (y, y*) € F implies (15) and the second part establishes the
reverse implication.

Part I. Let us assume that (y,y*) € F. The definition of F
implies that y € Y,, and, consequently, Theorem 2 implies that
every x € P(Y,y) can be written in the form

m
x=Y 6(x)Viy
i—1

for suitable scalars 6;(x), 62(x), ..., 6m(x) > 0 satisfying ZZI 6i(x)
= 1. The definition of F implies that there exists for every vertex
Viy a control input u; € U with

YAVyy + YBui +w < y* (16)
forallj € {1,...,1}. The corresponding control law
def
ux) = 6o (17)
i=1

satisfies u(x) € U, since U is convex. Next, for any given x €
P(Y,y), we can multiply (16) with 6;(x) on both sides and take
the sum over i in order to show that

Y (Aix + Bju(x)) + w < y*. (18)
Moreover, for the same given x € P(Y,y), we have

Yw e W, V[A,Bl € A, Ax+Bu(x)+ Cw € P(Y,y")
Vie{l,...,m},

— max max Y; (AX + Bu(x)+ Cw) <y
weW [A,BleA

Viel{o,..., 1},

Vie{l,...,m},

= max_Y; (Ax + Bu(x)) + w; < y;
[A,BleA

Vie{0,....,1l}

= Y (Ax+ Bju(x)) +w < y* .

The latter equivalence and (18) imply that (15) holds.

Part II. Reversely, if (15) holds for given y,y" € Yy, there
exists for every point V;y € P(Y,y) a control input u; € U such
that for all [A, B] € A we have

Yw eW, AVyy+Bu;+Cw e P(Y,y")
& Vje(l,....m}, maxY(AViy + Bu; + Cw) <y
we

& YAVy+YBui+w <y".

In particular, this equivalence holds at all vertices of A. This is
sufficient to conclude that (y,y") € 7. O

Remark 4. If P(Y,y) is a simplex with m = n, + 1 isolated ver-
tices, one can interpolate the vertex control inputs uy, us, ..., Ug
by an affine control law of the form u(x) = Kx + k. Here, K €
R™>™ and k € R™ can be found by solving the linear equation
system

Vie{l,....,m}), KVy+k=u. (19)

However, if P(Y, y) has m > ny + 1 isolated vertices, System (19)
is, in general, overdetermined. This observation is exploited in
Section 6 to explain why CCTMPC is potentially less conservative
than Tube MPC schemes that use affine feedback laws.
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4.2. Contractivity of polytopic tubes

Corollary 4 provides a tractable convex reformulation of Con-
dition (14). However, developing practical Tube MPC schemes
requires additional assumptions.

Assumption 1. The polytope P(Y, o) is entirely simple, satisfies
0 € P(Y,o0) C X, and is B-contractive,

B-P(Y,o)e F(P(Y,o)) with B €][0,1).

Assuming that a control system admits a compact, convex, and
B-contractive set C with 0 € int(C) C X is not restrictive for suf-
ficiently regular linear systems with additive and multiplicative
uncertainties (Blanchini & Miani, 2015, Thm. 7.2), although, in
theory, it is possible to construct linear systems that merely admit
an invariant but no strictly contractive set. If a strictly contractive
set C exists, any entirely simple polytope P(Y, o) with

JB-cCPY, o)ce (20)

satisfies Assumption 1 after setting 8 < +/B. In order to answer
questions regarding the worst-case complexity of this construc-
tion in dependence on n, and B, it is mentioned here that the
problem of approximating compact convex sets with polytopes
is well-studied (Chen, 2005; Schneider, 1981).

Remark 5. Let the polytope P(Y, o) be entirely simple but not
necessarily contractive, and let V be its given vertex configura-
tion. There exists a feasible B-contractive polytope P(Y,y) € X
with 0 <y € Yy, if and only if the convex optimization problem
Vie{0,...,m}, Vje{0,...,1},

YAViy + YBju; + W < By (21)
Ey<0,0=<y, uel, ViyeX

min 0 s.t.
y.u

has a feasible point (y*, u*). The constraints Viy € X in (21)
enforce feasibility of P(Y, y), since the equivalence

P(Y,y))SX <<= Viell,...,m}, VyeX

holds for all y € Yy, As such, the above statement is a direct
consequence of Corollary 4. Thus, if (21) has a feasible solution
(y*, u*), one can simply set 0 <« y* in order to satisfy As-
sumption 1—possibly after adding a small perturbation to y* and
making g slightly larger in the unlikely event that P(Y, y*) is not
entirely simple. Otherwise, if (21) is infeasible, one needs to add
more rows to Y and repeat the above procedure with a different
o until a feasible and strictly contractive polytope is found. Note
that this procedure does not require the user to provide any
robust ancillary feedback law.

Lemma 2. Let Assumption 1 hold, let y; € R™ satisfy ys < o and
(¥s,ys) € F, and let

y € min ' sty —ys) > o —ys (22)

y'>0
denote a contraction constant, y < 1. Then, there exists a sequence
Yo, Y1, - - - € R™ such that for all xg € P(Y, o)

(1) the initial feasibility condition, Yxo < yo, holds,
(2) we have (yk, Yk+1) € F for all k € N, and
(3) the sequence converges y-exponentially; that is,

VKEN, vk = Yslloo < 7" llo = yslloo -
Proof. The following proof shows that the sequence

VKeEN,  y S yko +(1—y )y, (23)
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satisfies all three requirements of the lemma. We start with the
case k = 0 for which (23) yields? yo = o. This choice of yo
satisfies the first condition of the lemma, since xo € P(Y,0) =
P(Y, yo) implies Yxy < yo. Moreover, the definition of y ensures
that the inequality

Vier = Yo+ (1 =y Nys =y + v [ v(o —ys)]

(22) k k k
> ys+y[Bo—ysl=yBo+(1—y s (24)

holds. In addition, Corollary 4 and Assumption 1 imply (o, Bo) €
F and we recall that (ys, ys) € F holds due to the assumptions of
this lemma. Consequently, we have

y¥o, Bo)+ (1 — v )ys, ys) € F, (25)

as F is convex. Since o € Yy, (per Assumption 1) and ys € Yy, (as
(s, ¥s) € F) holds, (23) implies that

Yier1 €Yy, (26)
as Yy, is a convex cone. A third consequence of (23) is

(23)
Wk v Bo + (1= y¥)ys) = yMo, po) + (1 =y )s, 35 (27)
Thus, after substituting (27) in (25) we find that
Wk, " Bo +(1 =y )ys) e F
and then it follows from (24) and (26) that we have (y, Yk+1) € F.
Finally, the construction of (yi)ken in (23) is such that
Iy = yslloo = ¥ —ys)| . = ¥* o = ysll
implying that the last condition of this lemma is satisfied, too.
This completes our proof. O
5. Polytopic tube MPC

The goal of this section is to develop a convex reformulation
of (2). We specialize on configuration-constrained polytopic tubes
with domain

X={PY,y) | yeYy}

recalling that Yy, denotes the vertex configuration domain of the
B-contractive polytope P(Y, o).

5.1. Stage cost function

Let us assume that the stage cost function has the form

LP(Y, y), ) = £y, u), (28)

where ¢ can be any Lipschitz continuous and strictly convex
function in y and u. We recall that the vertex control law p in (17)
depends on the parameter y of the current polytope and the
vertex control inputs u. As such, it seems reasonable to assume
that L can be expressed as in (28) for a suitable function ¢.

Example 1. Let X and Vy, V5, ..., Vi be defined as before, recall-
ing that the vertices of P(Y, y) are given by V;y as long as Ey < 0.
The average over the vertices,

_der 1 — o= det 1 u
y = ﬁX;v,y = Vy with V £ %X;Vi,
1= 1=
can be interpreted as the center of P(Y, y). Similarly, if uy, u,, ...,
uz € U denote associated vertex controls,

m 1
Y w = Uu with U dof ECRE

2 We use the definition 0° &' 1 for y = 0.
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corresponds to an average control input. An example for a prac-
tical quadratic stage cost function is then given by

w.0) = [l + [Tul?
m
+ 2 {Ivey = Vg + s — T3}, (29)
i=1

where Q, R, S, and T denote positive definite weighting matrices.
Such costs model a trade-off between average tracking perfor-
mance and the squared distance of the tube vertices and vertex
control inputs to their average values.

5.2. Initial cost function

Formulating Tube MPC controllers which are stable in the
enclosure sense requires, in general, an initial cost function Lo,
see Villanueva, De Lazzari, Miiller, and Houska (2020) for de-
tails. Let us construct Ly by introducing the 1-step cost-to-travel
function (Houska & Miiller, 2017)

Viy,yt) & min £(y, u)

Vie{l,...,m,Vje{l,....1},
YAViy + YBu; +w < y*,
VyeX, u el Viyt eX,

Ey <0, Ey" <0,

(30)

where V(y,y") &'~ whenever (30) is infeasible. Next, we

compute an invariant set by solving
v, & min Viy,y") st. y=y" | A (31)
y.y

Assumption 1 ensures that (o, o) is a feasible point of (31). Con-
sequently, since ¢ is strictly convex, (31) is a feasible and strictly
convex optimization problem. As such, the following assumption
is mild.>

Assumption 2. The strictly convex optimization problem (31)
admits a unique primal solution (ys, ¥s) and a dual solution A €
R™, such that strong duality holds.

Under Assumption 2, the rotated cost-to-travel function
def
Ry, y") S Vo y)+2Ty—y") - Vs (32)
is positive definite with respect to the point (ys, ys). Thus, we can
define the initial cost function

Vyey, L(P(Y,y) = aty.

This has the advantage that (2) is equivalent to
N—1
min > RO Yirt) + ATyn -+ Lu(P(Y, 90) (33)
k=0
st. XeP(Y,y),

which can be interpreted as a positive definite tracking problem
in the parameter space. To achieve stability in the enclosure
sense, we must ensure that the parameter sequence y, converges
to ys—see Villanueva et al. (2020) for details.

3 Assumption 1 holds, if ¢ is a proper, strictly convex, and radi-
ally unbounded function, and if Slater’s constraint qualification is satisfied,
Assumption 2 always holds (Boyd & Vandenberghe, 2004).
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5.3. Terminal cost function

In this section, a stabilizing terminal cost is constructed. For
this aim, we assume that the initial polytope P(Y, o) is large
enough to contain the optimal invariant set,

ys<o. (34)

Moreover, we solve (30) offline at (y,y™) = (o0,0) and at
(y,¥") = (¥s, ¥s). The corresponding minimizers are denoted by
u, and us, such that

lo,u;) = V(o,0) = R(o,0)+ Vs (35)
and Lys, us) = V(¥s,¥s) = Vs. (36)

Let ¢ denote the Lipschitz constant of £ on P(Y, ¢). In the follow-
ing, we introduce the shorthand
+(1=y)IAT (o —ys)l, (37)

o —Ys
Uy — Us )

which can be pre-computed offline. Here, y is computed as in
Lemma 2, see Eq. (22). Next, our goal is to show that the cost
function

p £

IN(P(Y,y) & —ATy + M(y)

with auxiliary function
def . 0
M(y) = min Ry,ys +a(o =)+ —— (38)
ael0,1] 1—-y
can be used as stabilizing terminal cost. Note that M is convex,
since R is convex in both arguments. The following theorem
establishes that M is a Lyapunov function.

Theorem 3. Let Assumption 1 and 2 be satisfied and let M be
defined as in (38). The function M is non-negative and satisfies
M(y) = 0 if and only if y = ys. Moreover, the Lyapunov descent
condition holds,

vy eR™,  min{Ry,y")+M@y")} < M(@y).
y+

Proof. Note that (38) implies M(y) > 0 for all y € R™, since R is
positive definite and % is non-negative. Moreover, M(y;) = 0.
This follows from (38) by substituting « = 0 and using that
R(¥s, ¥s) = 0. Our next goal is to show that M(y) > O for all y # ys.
In order to see this, assume that M(y) = 0. In this case, we must
have o = 0, because, otherwise, the second term in (38) would
be strictly positive. Consequently, we must have R(y, ys) = 0, but
this is impossible for y # ys, since ys is—due to Assumption 2—the
unique minimizer of miny R(y, ys). Thus, M is a positive definite
function.

Next, in analogy to the construction in the proof of Lemma 2,
for an arbitrary parameter « € [0, 1], we introduce the auxiliary
sequences

~  def

Ve = ys+ayfo—ys) (39)
and U dof us + ay*u, —us) , (40)
such that (Vi, Yk+1) € F. Since 1y is a feasible point of (30) at
. ¥") = (ks Yis1), we find that

Vi, Yir1) < LGk, i) (41)
This inequality leads us to the upper bound

~ ~, (32 ~ ~ ~ o~
RGo. 7)) 2 VG0 71)+ A G0 — 1) — Vs

(41) ~ o~ ~ ~
< LYo, uo) + AT(Yo — ¥1) — £(¥s, us)

IO_J/S
Ug — Us

< i

+ [AT0o — 1)l
2
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-r(22%)

2

“[AT(o — ) yAT(o = ys)l
L wp, (42)
which, in turn, implies that the inequality
~ . (38) . ~ p-o
M(yo) = min {R(yo,ys + (o —ys)) + }
«'e[0,1] 1-y
~ p-a-y
< Ro,ys +ay(o —ys))+ a4
(39) pro-y B2 p-a
= RGo, 1)+ ] (43)
- -y

holds for any choice of « € [0, 1] (keeping in mind that Vg
depends on that value of «, too). Consequently, if we choose «
as in (38) we find that

M) 'Z' Ry, Fo) + £2
(43) N N ) (44)
> Ry, ¥o) + M(¥o) > nygn (R, ¥y +My™)).

The latter inequality corresponds to the Lyapunov descent state-
ment of the theorem. O

Remark 6. Note that existing attempts to construct terminal cost
functions for HTMPC (Rakovi¢, Kouvaritakis, Findeisen, & Cannon,
2012) or ETMPC (Rakovi¢ et al., 2016) rely on the availability of
robustly stabilizing affine feedback laws. This is in contrast to
the above construction of M, for which it is not required that a
robustly stabilizing affine feedback law exists.

Remark 7. The Lyapunov function M is generic as no assump-
tions on ¢ apart from strict convexity and Lipschitz continuity
are needed. However, the bound of R in (42) is not sharp. As
such, M is not necessarily the best possible approximation of the
infinite horizon control performance, which could be found by
using sharper cost estimates. For instance, if £ is a quadratic form,
it is not difficult to derive bounds that are tighter than (42).

5.4. Implementation of CCTMPC

Since X, U, £ and M are convex, (2) is equivalent to the convex
optimization problem

N—1
min ATyo + 3 €0k, ) — ATyw + M)
k=0
Vk € {0,...,N — 1},
Vie{l,...,m}, Vie{1,...,1},
o fe (L. e (... )

YAjViyk + YBjug i + W < Yiy1,
Eyi <0, u; €U, Viyr €X, YR <yo .

Note that the optimization variables of (45) are the tube param-
eters y = [yo,¥1,...,Yn] and the vertex control inputs u =
[uo, ur, ..., un—1l.

Remark 8. Assuming that U and X are polyhedra with ny and
nx facets respectively, Problem (45) has

(N+1)-m+N-m-ny
optimization variables as well as

m-m-I-N+mg-N+m-(ng+ny)-N+m
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inequality constraints,* where m; < m - m denotes the number
of non-redundant rows of E; see Remark 2 for details. As such,
under the mentioned assumptions, one may state that (45) has
polynomial run-time complexity. However, it should also be clear
that solving (45) is computationally demanding, since the product
of m, m, |, and N is potentially a very large number.

5.5. Stability analysis
Let y*(X) and u*(X) be parametric minimizers of (45) in depen-

dence on the measurement X. Next, due to the construction of y*
and u*, any control law of the form

Z iRy (R) (46)

pumpc(X

can be used as a feasible MPC feedback control law, as long as the
scalar coefficient functions 6; satisfy

m
X = Z zyo 0(2) >0

recalling the construction of p in the proof of Corollary 4, see
Eq. (17). For instance, one can pick

2
Zeuol

i=1

and ||6(%)],=1.

(%) € argmm

2
ot =3, 0ViyyR),
6 >0, Zi";@i:],

but using other convex control penalty functions is, of course,
possible, too. The associated uncertain closed-loop system of (45)
has the form

Vk € N,

(47)

X1 = ArXk + Biampc(Xi) + Cwy

which is started at a given initial state x, € R™. The following
theorem establishes recursive feasibility and asymptotic stability,
in the enclosure sense, of the controller—see Villanueva et al.
(2020) for a discussion of set-theoretic stability in Tube MPC
schemes.

Theorem 4. Let Assumption 1 and 2 be satisfied, let (ys, A) be
given by solving (31), and let M be given by (38). Then the following
statements hold independently of the sequences wg, wq,... € W
and [Ao, B()], [A], Bl], ... E A

(1) If (45) is feasible for the initial state, X = Xo, then it is also
feasible for all future measurements, X = xy.

(2) We have x, € P(Y, y5(x¢)) for all k € N.

(3) The sequence y*(xy) is asymptotically stable,

lim y*(Xk) = D’s,ys» cee ,ys] .
k— 00

Proof. Let us introduce the non-negative function

N-1
df
£y) =Y RO Yie) + M),

i=0

where R and M are defined as in (32) and (38). Moreover, we have
L(y) = 0 if and only if y = ys, which follows from Theorem 3
and the positive definiteness of R. Now, let us assume that (45)

4 In order to be precise, it should be mentioned that, depending on how
the function M is represented, additional auxiliary optimization variables and
constraints are needed to arrive at a practical implementation; see (30) and
(38).
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is feasible at X = x, such that y*(x,) is well-defined. In this case,
we can define
~ def

¥ =), - ynx), vl (48)
where the last element y;j of y is chosen such that
RYN(x), yi) +M(yy) < My (xe)). (49)

The existence of such a vector y}; is ensured by Theorem 3. More-
over, a feasible shifted sequence for the vertex control variables
of (45) is given by

~ def =, - Ax
i = [uj(Xe), ... uy_q (), 077, (50)
where #I* is the optimal vertex control inputs that needs to be
computed when evaluating R(yy (xi), yﬁ) (see (30) and (32)). This
construction is such that (y, i) is feasible for (45) at the next time
instance, as X = x;,1 satisfies

X1 € P(Y, yi(xi)) ,

independently of wj (due to the above definition of pypc), and
hence YX < jo = y}(xk). That is, X is contained in the robust
forward invariant tube. Thus, Statement (1) holds independent
of the uncertainty realization, and it follows that Statement (2)
holds. Moreover,

49) _ .
L (%)) = e+ LY) = e+ L0 (Xeg1))

where we have introduced the shorthand

(51)

def * *
Tk = R(.Vo(xk)syl(xk)) >0.

The last inequality in (51) follows from the optimality of y*(x+1),
since our definition of £ is such that this function coincides
with the optimal value function of our MPC controller. Because
1. is non-negative and because we have r, = 0 if and only if
Y5(X) = s, the function £ in (51) is a strictly descending
Lyapunov function. This implies that Statement (3) holds. O

6. Tutorial examples and numerical illustration

This section compares CCTMPC with RTMPC, HTMPC, ETMPC,
DAFMPC, and FTPMPC for sufficiently regular linear systems that
admit a strictly contractive polytope, such that Assumption 1
and 2 hold.

e CCTMPC is never more conservative than polytopic RTMPC:
one can always use the invariant cross-section of the rigid
tube to construct a vertex configuration domain for CCTMPC.
This implies that CCTMPC admits a more flexible tube rep-
resentation.

e Using the same argument, CCTMPC is never more conser-
vative than HTMPC: the vertex configuration constraint is
invariant under homothetic scaling, since Y,, is a convex
cone. This statement is independent of which control law
parameterization is used for the implementation of HTMPC.
It implies in particular that CCTMPC is never more con-
servative than the vertex control input optimization based
variants of polytopic MPC that are proposed in Langson et al.
(2004, Section 3.3) or the variant based on piecewise affine
feedback parameterization proposed in Rakovic et al. (2022,
Section 6 B).

e For n, = 2, CCTMPC is never more conservative than ETMPC
as long as the vertex configuration domain is constructed
as in Remark 3. In general, for n, > 3, however, the con-
straint Ey < 0 leads to an actual restriction on the class of
representable polytopes. This is in contrast to ETMPC, which
does not introduce such a configuration constraint. On the
other hand, the construction of ETMPC controllers relies on

10
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an affine parameterization of the feedback control policy,
while CCTMPC introduces no such restriction; see Remark 4.
Moreover, existing set-propagation approaches for ETMPC
are conservative, complicating the comparison even further.
Nevertheless, numerical comparisons indicate that CCTMPC
is less conservative than ETMPC—at least for the benchmark
examples in R and R* that we will propose below.

e It is possible to construct systems with four states for which
CCTMPC is systematically less conservative than any separa-
ble state feedback controller such as DAFMPC and FPTMPC;
see Section 6.3.

In addition to the above comments about conservatism, it
should be pointed out that RTMPC, HTMPC, ETMPC, and CCTMPC
have in common that their computational complexity is O(N),
where N is the prediction horizon. In contrast to this, the compu-
tational complexity of DAFMPC and FPTMPC is O(N?), due to an
entirely different parameterization strategy.

6.1. Example 1
Our first example considers a system with
1 5 1 1/0 1
A:§< 1 4>, B:§< 1 > and C:§<
The four vertices of A are given by
! e
50

with e;, e, being the standard basis vectors of R?. The state,
control and uncertainty bounds are given by

X =[-10,7.7] x [-5.7,10], U=[-10, 10],
and W = [-0.5,0.5] x [-2,2].

- O

)

O =

- = 1
Ai,B]l=|A+ —eel,B£
[] ]] |: 2011

We start with a regular polytope with m > 3 facets and choose
Y and o as in Remark 3 with

27 4 2(m — 1)
¢1=07¢2=77¢3=7s"' - -

m m m
Here, P(Y, o) is regular and entirely simple, but it is neither
contractive nor invariant. However, by Remark 5, specifically, by
solving (21) for 8 = 0.975, B-contractive polytopes can be found
for any m > 7. An optimal vertex configuration domain can be
found by computing E as explained in Remark 3.

Let us choose £ as in (29) withQ =S =1,R=1,and T =
0.05. Additionally, the prediction horizon is set to N = 50. The left
part of Fig. 2 shows the predicted tube obtained by solving (45)
for the state measurement

Xo=R=[4, 87

s ¥m =

and m m 18. The shape and size of the tube cross
sections change in time as all tube parameters are optimized.
This illustrates the advantage of CCTMPC compared to RTMPC.
The tube converges to the optimal invariant polytope P(Y, ys),
shown in blue. The optimal vertex control inputs us are shown as
red dots in the middle part of Fig. 2. The black dotted lines show
their relation to the vertices of P(Y, y;)—shown in blue. Note that
it is impossible to interpolate all vertex control inputs with one
hyperplane. The gray shaded areas correspond, however, to one
possible continuous piecewise affine control law interpolating all
vertex inputs as well as the central input, u = 0 (visualized as
green dot).

The statement of Theorem 4 can be verified numerically by
running the above MPC control setup with m = 18 in a closed
loop for random uncertainty scenarios. The right part of Fig. 2
shows an evaluation of the Lyapunov function £(y*(x,)) along the
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T T T
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Fig. 2. LEFT: Predicted tube (light gray shaded polytopes) for X = [4, 8]7 (black dot) and m = 18. The prediction horizon has been set to N = 50. The optimal invariant
set P(Y,ys) is indicated by the dark blue shaded set. It is a simple polytope, but it is not an entirely simple polytope, because it has 12 < 18 vertices. MIDDLE:
The optimal vertex control inputs (red dots) of the optimal invariant polytope (blue shaded set). RIGHT: Lyapunov function £ along the closed-loop trajectory xy
for three random uncertainty scenarios w. In the first scenario (red dots) and the third scenario (blue stars), the closed-loop state reaches the optimal invariant set
after 12 iterations; that is, £(y*(xx)) = 0 for all k > 12 (not visualized, as we use a logarithmic scale). For the second scenario, the invariant set is reached after 13
iterations. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. Optimal invariant polytopes for the system from Example 2. The left polytope has been found for a matrix Y with m = 26 rows and an associated vertex
configuration domain with up to m = 48 vertices, while the right polytope is obtained for a setting with m = 124 and m = 336. Its volume is approximately equal

to one third of the volume of the left polytope.

MPC closed-loop trajectories x; for three such randomly chosen
scenarios. The specific value of £—and, thus, the actual control
performance—depends on the uncertainty. However, indepen-
dently of how this uncertainty is chosen, £ is always strictly
monotonically descending until it reaches 0, as confirmed in all
our tests.

6.2. Example 2

This section discusses an example in R?, given by

/2 10 L1 /100
A=-(0 2 1).B==[1)]. c==-(0 1 0]},
00 2 2\ 1 2\ 0 0 1

again with [A, B] = [A;, B;] being given, as well as

X =[-5,5]°>, U=[-10,10], and W =[-0.2,0.2]3.

We choose £ asin (29)withQ =1,S=7-1,R=1,and T = 0.01.
The matrix Y has row vectors of the form

[i, j. K]
/2 2 + k2 ’

where (i,j, k) € {—1,0,1}3\ {(0,0,0)}. We initially set 0 =
[1,1,..., 1] in order to compute a vertex configuration domain

and a contractive polytope as explained in Remark 5. This leads
to a contractive polytope with

m=3-1=26

(52)

facets and m = 48 vertices. Its reduced configuration matrix E
has 48 rows and 168 non-zero coefficients. The left part of Fig. 3
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shows a 3-dimensional visualization of the corresponding optimal
invariant set. To illustrate how this result can be improved by
increasing the number of facet directions and vertices, the right
part of Fig. 3 shows a less conservative optimal invariant set
constructed with m = 53 — 1 = 124 facet directions and m = 336
vertices. Its reduced configuration matrix E has 290 rows and
1031 non-zero coefficients. Here, the rows of Y have also been
constructed as in (52) but with (i,j, k) € {=2,—-1,0,1,2)3 \
{(0,0,0,0,0)}.

Numerical experiments indicate that ETMPC can be used to
generate similar polytopes for both choices of Y. These are, how-
ever, at least 1% sub-optimal for the best possible affine control
law (in terms of stage cost value) that we managed to compute
by exhaustive search. Without optimizing the affine feedback law,
ETMPC is usually more than 1% sub-optimal.

6.3. Example 3

Our last example shows that CCTMPC can outperform both
DAFMPC and FPTMPC in terms of conservatism and run-time
complexity. We consider the control system

+ 1 1

X, = 5X3 — 35X

xl—ix3+ix4+u X =R

2 - 2B with { U = [0,1] (53)
X3 =X W= [-1,1].

i =w

Here, x € R* denotes the state at a given time and x* the cor-
responding successor state. Sub-indices denote the components
of the states (not a time index). Our goal is to minimize the
least-squares distance of all states to 0, for example, by setting
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£y, u) = y? but other choices of ¢ are possible, too. It is not
difficult to see that an optimal feedback law is in this case given

by

0 if X3+ X4 > 0
/,L(X) = —@ if x3+4+x4 €[—2,0] (54)
1 otherwise ,

because only x, depends on u. Next, we set

0 0 1 0 -2 0\’
o o -1 2 2 -1 s
Y=10o 0o 1 -1 -1 o] €k
1 -1 0 0 0 0

and 0 = (1,1, 1,1, 1, 1)". We use the procedure from Remark 5
to compute a contractive polytope and its associated reduced
vertex configuration template,’

(-1 -1 0 0 0 o0
B 0 o -2 -1 -1 =2 ’
If we minimize ¢(y,u) = y?, the optimal invariant polytope

P(Y,ys)is givenby ys = (1, 1, 0, 1, 1, 0)". Note that P(Y, ys)
is a four dimensional polytope with 6 facets and 8 vertices. Its
vertex control inputs us € R® are unique and given by (us); =
w(Viys) fori e {1,2,..., 8}, where u denotes the optimal control
law in (54). In other words, the proposed CCTMPC method is
able to find the optimal nonlinear control law. As such, for this
example and this choice of Y one may state that CCTMPC finds
the best possible invariant polytope.

Our next goal is to analyze an FPTMPC controller for (53). Note
that the matrix A of (53) is nil-potent, A> = 0. Thus, we may
set the prediction horizon of the controller to N = 3 (without
loss of generality), as the system does anyhow neither remember
uncertainties nor control inputs for longer than 3 time steps.
Next, let us work out the fully parameterized extreme partial
state trajectories. They are given by

X2 = (0, a*? 0, 0)",
X3 = (05 05+u""? 0, 0),
13 = (-05 —05+0>"% 0, 0),
X% = (=05, 05+a"*% 1, 0)",
¥ = (05, —-05+u*2% —1, 0)",
X33 = (0, 0, 0, 1),
and ¥**° = (0, 0, 0, —1)7, (55)

where we use the same index convention as in Rakovi¢, Kouvar-
itakis, Cannon, et al. (2012). That is, ¥"%3 is the extreme partial
state trajectory at time 3, obtained by exciting the system at time
k — 1 with the extreme input w; (—1)~1. The value of the
measurement x>0 = & at time 0 is irrelevant, as the state at time
3 is independent of X. The corresponding inputs,

= (ﬁo,z, gLz gz ez ~222) € RS,
need to satisfy the control constraints for all scenarios,
12 4 a2 4 a2? ¢ [0,1] (56)
%2 + a2 42?2 e [0, 1] (57)
102 4 212 4§22 ¢ [0, 1] (58)
and %% +#*12 +1%%% € [0, 1). (59)

5 For this particular example, the vertex configuration constraint is not
restrictive: there exists for every y’ € R® a parameter y € R® with Ey < 0
such that P(Y,y') = P(Y,y).
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Recall that P(Y, ys) denotes the optimal invariant set, which has
6 facets and 8 vertices, as discussed above. Let us assume that
FPTMPC was not conservative. In this case, it would be possible
to find a parameter u satisfying (56)-(59) and ensuring that all
possible extreme state trajectories are contained in P(Y, ys); that
is,

3434323 4733 e YLy, (60)
O3 4 xL13 L R223 L 733 ¢ pry.y,), (61)
R343R L1733 e Py, y,), (62)
X03 43213 4 3223 4 333 ¢ py ) (63)

for all i € {1, 2}. Conditions (56) and (60) necessarily imply
Condition (64), as stated below. Analogous necessary conditions
of feasibility are given by

(56), (60)

02 4 112 4 graz (000 o (64)
+u”2+ll222 (57).(61) 0. (65)
24 12 g a2 G862 o (66)
and @2 4 @212 4 222 L) g (67)

Subtracting (65) from (64) yields &1!*? = 0?22, By substituting
this equation in (66) and subtracting it from (67) we find that
1 = 0. Clearly, this is a contradiction, which implies that FPTMPC
is conservative and this result is independent of how one chooses
the prediction horizon N > 3 and the initial measurement x.

In order to explain why CCTMPC is for the current example
less conservative than DAFMPC, it is helpful to note that the op-
timal feedback law (54) is equivalent to a nonlinear disturbance
feedback control law,

0 if w+w >0
mw ,wT) = —r = if we+w T €[-2,0]
1 otherwise ,

where w~ denotes the last and w™~ the disturbance from two
time steps ago. By evaluating this feedback law at the extreme
scenarios, i(—1,1) =0, (1, 1) =0, (=1, =1) =1, (1, —=1) =
0, one finds that it is impossible to interpolate these 4 uniquely
optimal function values with a single affine function. This ob-
servation implies that, for this example, CCTMPC is strictly less
conservative than DAFMPC.

7. Conclusions

This paper has presented a novel class of Tube MPC con-
trollers for linear systems with additive and multiplicative un-
certainty. The corresponding technical developments built upon
Theorem 2, which features a variant of the Gauss-Bonnet the-
orem in order to simultaneously parameterize the facets and
vertices of configuration-constrained polytopes. The relevance of
this geometrical construction is that it enables us to freely op-
timize configuration-constrained robust forward invariant tubes
and their associated vertex control laws via the convex optimiza-
tion problem (45). Conditions under which CCTMPC is asymptoti-
cally stable and recursively feasible are established in Theorems 3
and 4.

CCTMPC is never more conservative than RTMPC, HTMPC, and,
in many cases, also ETMPC. We have constructed examples for
which CCTMPC is less conservative than FTPMPC and DAFMPC.
For sufficiently long time horizons, CCTMPC is computationally
less demanding than FTPMPC and DAFMPC.

Finally, as much as this paper has made a first step towards
exploiting the face configurations of selected classes of polytopes
for the development of robust control methods, a more in-depth
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discussion of how to design and select suitable polytopic config-
urations in higher dimensional spaces has been beyond its scope.
The development of algorithms and software for a systematic
construction of such configuration templates and a discussion of
more general questions about the complexity of robust control
of constrained linear systems could be a relevant topic for future
research.
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Appendix A. Proof of Theorem 1 and Corollary 3

We first show that the second statement of Theorem 1 im-
plies the first statement. The reverse implication is established in
Part II, which will also imply the statement of Corollary 3.

Part I. Let 0 € Yz be such that P(Y, o) is an entirely simple
polyhedron and let I € Z be a given index set. First, we show

-| B

Note that Fj (o) = Fi(o) holds by construction and both sets
are non-empty, since o € Yz and I € Z. Moreover, there exists a
point x* € Fyy (o) that satisfies

j¢l | 0= min Yix —o;
jel | L 0j

Vk¢JUI, Y —ye < 0, (A1)
which directly follows from the definition of J. Next, let

Tiy(o) = { xeR" | Yiyx=oyy } (A2)
and Tilo)={xeR" | Yix=o0y } (A3)

denote the linear subspaces of R" corresponding to I U J and
I. Since P(Y,o) is entirely simple, (A.1) implies that Fj(o)
has non-empty interior in 7yy(o), implying that the dimen-
sion of the subspace 7jy(o) and the face Fj(o) must coincide,
dim(Fy(o)) = dim(Tyy(o)). Consequently, since Fy(o) =
Fi(o), we have

n — rank(Y;) = dim(7;(0)) = dim(F(0)) = dim(Fjy(o))

= dim(7yy(0)) = n — rank(Yyy). (A4)

Since P(Y, o) is entirely simple, the faces F; and Fj; satisfy
rank(Y;) = |I| (A.5)
and rank(Yyy) = [TUJI = [II + ], (A.6)

where (A.6) holds, as I and ] are, by construction, disjoint. Now,

we can substitute (A.5) and (A.6) in (A.4), which yields
n—|Il =n—-|{l- = Ul=0.

Consequently, ] = . In other words, there exists a point x* €
Fi(o) such that
Vi¢l, (A7)

Next, let us perturb o by a small vector §. Since Y; has full rank,

X5 &ef + Y,T(S is well-defined for any perturbation § € R™. Here,

Yix* <o; and Yx*=oj.
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Y,T denotes the right pseudo-inverse of Y. Since (A.7) holds, there
exists a small ¢; > 0 such that

Vi¢l, (A8)
for all § € R™ with ||§|| < €. Consequently, the face 7 (o + §)

is non-empty for any such small perturbation. Thus, if we set

0 <ce min;cz ¢, it follows that o + 6 € Y7 for all § € R™
with ||§]] < e. Hence, Yz has a non-empty interior in R™. It is
a regular configuration domain, concluding the first part of the

Yix; <o;+8; and Yix; =01+ 6.

proof.
Part II. Let us introduce the notation
R € {yeR" | F©)#o, rankY) < I] |}

implying that if R; # @, the matrix Y; is degenerate in the sense
that it has at least one degenerate row, which is not linearly
independent of its other rows. In other words, there exists a
linear subspace T; € R™ of R™ (namely the one belonging to the
degenerate row of Y;) such that ®; € T, and dim(T;) < m — 1.
Now, observe that the set

U =

IC{1,...,m}

R Ly

corresponds—by definition—to the set of parameters y for which
P(Y,y) is an entirely simple polyhedron. Because Y has non-
empty interior in R™ (see Corollary 1) and because the sets R;
are contained in the not full-dimensional subspaces T; of R™, the
set R is dense in Y. Thus, if Y7 is a regular configuration domain,
the set RN Y7 is non-empty. That is, we can find a point o € Y1
such that P(Y, o) is an entirely simple polyhedron. Note that the
same argument implies that the statement of Corollary 3 holds,
as the complement of R in Y has Lebesgue measure zero.

Appendix B. Proof of Corollary 2

By definition, P(Y, y) is locally configuration stable if and only
if y € int(Yc¢(,)). Therefore, the “if” part of the corollary follows
as in Part I of the above proof of Theorem 1 by replacing o by y.
Concerning the “only if” part, note that if 7(y) is non-empty, the
equation Y;x; = y; is feasible. If Y; has a degenerate row, there
exist arbitrarily small perturbations of y for which this equation
becomes infeasible and the face configuration changes. Thus, by
using the definition of R from Part Il of the above proof of
Theorem 1, we find that RNY¢(,) 2 int(Y¢(y)). Since y € int(Yey,)),
the definition of R implies that P(Y, y) is entirely simple.
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