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Objectives

In this lecture we will learn about

o the fact that many computer programs store numbers with finite

precision only
o the IEEE standard for storing floating point numbers

o applications, including numerical differentiation
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Scientific Computing

Computers or calculators typically store numbers with finite precision:

o Example 1: 8 +8==16 7
o Example 2: (v/5)? ==57?

o Example 3: 1.14+0.1==1.27
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Scientific Computing

Computers or calculators typically store numbers with finite precision:
o Example 1: 8 +8==16 7

o Example 2: (v/5)? ==57?

o Example 3: 1.14+0.1==1.27

Let’s try this with JULIA:
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Scientific Computing

Computers or calculators typically store numbers with finite precision:
o Example 1: 8 +8==16 7

o Example 2: (v/5)? ==57?

o Example 3: 1.14+0.1==1.27

Let’s try this with JULIA:

julia>(1.140.1) == 1.2

false

julia> 1.1 4 0.1
1.2000000000000002

Problem: numerical error: a2 % 10716,
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Floating Point Numbers

IEEE standard for double-precision floating point numbers:
52 10
z=+(1+m)-2° with m=> m2" and e=)» ¢2' -,
i=1 i=0

Names: m = mantissa, e = exponent.
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Floating Point Numbers

IEEE standard for double-precision floating point numbers:
52 10
z=+(1+m)-2° with m=> m2" and e=)» ¢2' -,
i=1 i=0

Names: m = mantissa, e = exponent.

Storage requirement:

o 1 bit to store the sign.

o 11 bits to store ciq,...,co € {0,1}; offset ¢ = 1023.

o 52 bits to store mq,...msq € {0,1}
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Floating Point Numbers

IEEE standard for double-precision floating point numbers:

52 10
z=+(1+m)-2° with m=> m2" and e=)» ¢2' -,

i=1 i=0

Names: m = mantissa, e = exponent.

Storage requirement:

o 1 bit to store the sign.

o 11 bits to store ciq,...,co € {0,1}; offset ¢ = 1023.

o 52 bits to store mq,...msq € {0,1}

In total: (14 11+ 52) bits = 64 bits = 8 bytes.

Error Analysis



A closer look at the example

julia>bits(1.1)
“0011111111110001100110011001100110011001100110011001100110011010"
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A closer look at the example

julia>bits(1.1)
“0011111111110001100110011001100110011001100110011001100110011010"
julia>bits(0.1)

“0011111110111001100110011001100110011001100110011001100110011010™
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A closer look at the example

julia>bits(1.1)
“0011111111110001100110011001100110011001100110011001100110011010"
julia>bits(0.1)
“0011111110111001100110011001100110011001100110011001100110011010"
julia>bits(1.2)
“0011111111110011001100110011001100110011001100110011001100110011"

Error Analysis 1-13



A closer look at the example

julia>bits(1.1)
“0011111111110001100110011001100110011001100110011001100110011010"
julia>bits(0.1)
“0011111110111001100110011001100110011001100110011001100110011010"
julia>bits(1.2)
“0011111111110011001100110011001100110011001100110011001100110011"
julia>bits(1.1+0.1)

“0011111111110011001100110011001100110011001100110011001100110100"
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Floating Point Numbers

o Numbers between 1 and 1 4 2752 cannot be represented.

o The (relative) rounding eps = 2752 is called machine precision.

o The absolute rounding error eps * 2¢ depends on exponent e.

(if we work with larger numbers, we get larger rounding errors)
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Floating Point Numbers

o Numbers between 1 and 1 4 2752 cannot be represented.

o The (relative) rounding eps = 2752 is called machine precision.

o The absolute rounding error eps * 2¢ depends on exponent e.

(if we work with larger numbers, we get larger rounding errors)

Important to remember: eps = 27°2 ~ 2% 10716,
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Numerical function evaluation

Let us evaluate the function
®(z) = sin(10%x)

at © = m. The exact solution is ®(7) = 0.
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Numerical function evaluation

Let us evaluate the function
®(z) = sin(10%x)

at © = m. The exact solution is ®(7) = 0.

julia>sin(10"8 pi)
—3.9082928156687315e — 8
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Numerical function evaluation

Let us evaluate the function
®(z) = sin(10%x)

at © = m. The exact solution is ®(7) = 0.

julia>sin(10"8 pi)
—3.9082928156687315e — 8

Caution: The function @ is ill-conditioned, i.e., the evaluation error is

much larger than eps ~ 2 x 107161

Error Analysis



Storing Numbers in a Computer

There exists a variety of ways to represent numbers:

o Floating point numbers be it 64bit (“double precision”) or 32bit

(“single precision”).

Error Analysis
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Storing Numbers in a Computer

There exists a variety of ways to represent numbers:

o Floating point numbers be it 64bit (“double precision”) or 32bit
(“single precision”).

o Integers are often stored differently. Remark:

julia>bits(3) is not the same as julia>bits(3.)!!
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Storing Numbers in a Computer

There exists a variety of ways to represent numbers:

o Floating point numbers be it 64bit (“double precision”) or 32bit

(“single precision”).

o Integers are often stored differently. Remark:

julia>bits(3) is not the same as julia>bits(3.)!!

o Arbitrary precision arithmetics are an alternative (not our focus).
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Storing Numbers in a Computer

There exists a variety of ways to represent numbers:

o Floating point numbers be it 64bit (“double precision”) or 32bit
(“single precision”).

o Integers are often stored differently. Remark:
julia>bits(3) is not the same as julia>bits(3.)!!!

o Arbitrary precision arithmetics are an alternative (not our focus).

o Verified arithmetics store intervals rather than single numbers.
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Finite Differences

The derivative of a twice continuously differentiable function f: R — R

can be approximated by finite differences:

01(x) _ [la+h)~ [(x)
ox h
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Finite Differences

The derivative of a twice continuously differentiable function f: R — R

can be approximated by finite differences:

Of(x) _ fle+h)—f(zx)

ox h
o The mathematical approximation error, given by
flx+h)—f@) of | _h|O*f || _
h oz (z)) ~ 2 | Ox? ()] = O(h),

tends to zero for h — 0.
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Finite Differences

The derivative of a twice continuously differentiable function f: R — R

can be approximated by finite differences:

01(x) _ [la+h)~ [(x)
ox h

o The mathematical approximation error, given by

b= f@) _of | _R|Of ]
eI )| ~ 5| Ga)| = 0.

tends to zero for h — 0.

o The numerical error is approximately

o ()

Error Analysis 1-28



Finite Differences

The derivative of a twice continuously differentiable function f: R — R
can be approximated by finite differences:

Of(x) _ fle+h)—f(zx)

ox h
o The mathematical approximation error, given by
flx+h)—f@) of | _h|O*f || _
h oz (z)) ~ 2 | Ox? ()] = O(h),

tends to zero for h — 0.

o The numerical error is approximately

eps
(%)
h
o If f is well conditioned, we choose
eps

h =~ argmin,, (h—l— T) = ,/eps.
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Central Differences

In order to reduce the mathematical approximation error, we can use

central differences

Of(x) _ flet+h)—flz—h)

~

ox 2h

to approximate the derivative of f.

Error Analysis

1-30



Central Differences

In order to reduce the mathematical approximation error, we can use

central differences

Of(x) _ flet+h)—flz—h)

~

or 2h

to approximate the derivative of f.

o The mathematical approximation error is now

fe+h) = fle—h) of
2h ox

(z)| < O(h?).
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1-31



Central Differences

In order to reduce the mathematical approximation error, we can use

central differences

Of(x) _ flet+h)—flz—h)

~

or 2h

to approximate the derivative of f.

o The mathematical approximation error is now

fe+h) = fle—h) of
2h ox

(@] < 00,
o The numerical error is still in the order of
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Central Differences

In order to reduce the mathematical approximation error, we can use

central differences

Of(x) _ flet+h)—flz—h)

~

or 2h

to approximate the derivative of f.

o The mathematical approximation error is now

fe+h) = fle—h) of
2h ox

(@] < 00,
o The numerical error is still in the order of

o In practice, if f is well conditioned, we choose h ~ 3/eps.

Error Analysis
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Summary

o Programs often store numbers with finite precision only.
o IEEE double precision floating point numbers: eps ~ 2 10716,

o Error and stability analysis is important!

©

Application: numerical differentiation.

Error Analysis
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Problem Formulation
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QR-Decomposition
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Problem Formulation

Given a matrix A € R™*™ and a vector b € R™. We are searching for

solutions of the linear equation system
Ax=b.

Names:

Linear Equations 2-3



Problem Formulation

Given a matrix A € R™*™ and a vector b € R™. We are searching for

solutions of the linear equation system
Ax=b.

Names:

o For m < n: “under-determined linear equation system”
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Problem Formulation

Given a matrix A € R™*™ and a vector b € R™. We are searching for

solutions of the linear equation system

Ax =b.

Names:

o For m < n: “under-determined linear equation system”

o For m = n: “quadratic linear equation system”
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Problem Formulation

Given a matrix A € R™*™ and a vector b € R™. We are searching for

solutions of the linear equation system

Axr =b.
Names:

o For m < n: “under-determined linear equation system”
o For m = n: “quadratic linear equation system”

o For m > n: "over-determined linear equation system”

Linear Equations
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Known Results from Linear Algebra

The equation system Ax = b has a solution if and only if
rank(A) = rank(A,b).

This condition can, e.g., by checked with Gram-Schmidt algorithms.

Linear Equations



Known Results from Linear Algebra

The equation system Ax = b has a solution if and only if
rank(A) = rank(A,b).

This condition can, e.g., by checked with Gram-Schmidt algorithms.

For the quadratic case n = m, the following statements are equivalent:

o Ax = b has the unique solution z.
o rank(A4) = n.
o det(A) # 0.

o All eigenvalues of A are different from 0.

Linear Equations
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Overview: Perturbation Theory

Whenever we solve equations of the form Az = b numerically, we have

to take into account two possible sources of errors:

o Errors that are due to working with inexact numerical values for A

and b.

o Errors that are due to numerical rounding problems when

implementing the algorithm based on finite precision arithmetics.
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Matrix Norms

Recall that any vector norm || - || : R™ — R can be generalized for

matrices by defining

A
1Al = max 1421
o el

for any A € R™*",

Simple examples:
o [[Ally = max; 37, |Ai -

o [[Alloo =max; 37 o [Ai;l.

Linear Equations



The Spectral Norm

The eigenvalues Ay, ..., A, € C of a square matrix A € R™*" are the

roots of the characteristic polynomial p(A) = det(A — AI).

Linear Equations



The Spectral Norm

The eigenvalues Ay, ..., A, € C of a square matrix A € R™*" are the
roots of the characteristic polynomial p(A) = det(A — AI).

The matrix 2-norm is given by

A
142 = max |||1:x||2 = max {\FA | det(ATA — \I) = o} ,
z 2

If A is symmetric this expression for the 2-norm can be simplified

|All2 = max {|\| | det(A — AI) = 0} .

Linear Equations



A Useful Matrix-Norm Inequality

If || - || is a matrix norm (assume ||I|| = 1) and A € R™*™ a given matrix
whose norm satisfies || A|| < 1, then the matrix I + A is invertible and

we have
1

T+A) < —
I+ A7 < =
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A Useful Matrix-Norm Inequality

If || - || is a matrix norm (assume ||I|| = 1) and A € R™*™ a given matrix
whose norm satisfies || A|| < 1, then the matrix I + A is invertible and

we have
1

T+A) Y <——
I+ A7 < =

Proof: From the inequality

(I + A)z[| = (I —[[A]]) |||
———
>0
we conclude that we have (I + A)x # 0 for all vectors « # 0; that is,

I + A is invertible. Moreover, we have
L=[|(T+ AT+ > T+ -4,

which implies the statement.

Linear Equations



Condition Numbers
Theorem:
Let x denote the solution of the invertible and quadratic linear equation
system Az = b and let §x be such that

(A+6A)(z +0x) = b+ 6b .

assuming |[0 Al < ﬁ and ||b|| # 0 as well as || A|| # 0. Then we have

9x[| _  cond(A) (Il5b . o4

]l 1 — cond(A) 5L N lIBIE Al

) with cond(A) = [|A||-[|[A7"]] .
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Condition Numbers
Theorem:
Let x denote the solution of the invertible and quadratic linear equation
system Az = b and let §x be such that

(A+6A)(z +0x) = b+ 6b .

assuming |[0 Al < ﬁ and ||b|| # 0 as well as || A|| # 0. Then we have

9x[| _  cond(A) (Il5b . o4

]l 1 — cond(A) 5L N lIBIE Al

) with cond(A) = [|A||-[|[A7"]] .

Interpretation:
The condition number cond(A) can be interpreted as an error

amplification factor,

16| <|5b|| 5A)
—=xcond(A) | — + " | -
[l el Al

Linear Equations 2-17



Proof

From Ax = b and the equation
(A4 6A)(xz + 0x) =b+db.

we find 6z = (A + dA)~1(db — 6 Az) (recall that |[6A| < ﬁ implies
that A 4 0 A is invertible). This yields the estimate
loz] < NI(A+3A)7 | (llabll + laA] [l])

< @ +ATSA) AT Clldol + oAl )

A~

< ———— (||60|| + ||6A]|||x
e (191 + Dol

(Last step has used the matrix-norm ineq. from previous slides)

Linear Equations



Proof (continued)

Because we have Az = b, it follows that || Al|||z] > ||b]| and

1A~

1ozl < — =
1 —[lA=t[flsA]

(6]l + [|6Alffl=1])

1—[lA=HIAI N lloll (Al

In the last step we substitute cond(A) = ||A]| - ||A7L||:

[[oz|

1= cond() 2L \ BT " 4]

The statement of the theorem follows after dividing by ||z]|.

Linear Equations

A7) A 3bl| . ||6A
A ITA ] (I I, ] )

cond(A)||z]| (Il5bl n ||5A||> _



o Gauss Elimination
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Triangular Matrices

If the matrix A is triangular, i.e.,

ai1 ai2 .. Q1
0 azz ... Q2n

A= ,
0 ... 0 Gnon

the system Az can be solved by a “backwards substitution":

n
by 1
Ty = and r;=— | b — E a; KTk
Qn,n aj,j k=j+1

for j=mn—1,...,1. (Complexity: O(n?).)

Linear Equations 2-21



Gauss Elimination

For general matrices A the main idea is to transform the matrix step by
step into an upper triangular matrix. For this aim, three types of

operations can be applied:

Linear Equations 2-22



Gauss Elimination

For general matrices A the main idea is to transform the matrix step by
step into an upper triangular matrix. For this aim, three types of

operations can be applied:

o We may swap (permute) rows of A if necessary.
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Gauss Elimination

For general matrices A the main idea is to transform the matrix step by
step into an upper triangular matrix. For this aim, three types of

operations can be applied:
o We may swap (permute) rows of A if necessary.

o We may swap (permute) columns as long as we re-enumerate the

unknowns x;, too.

Linear Equations 2-24



Gauss Elimination

For general matrices A the main idea is to transform the matrix step by
step into an upper triangular matrix. For this aim, three types of

operations can be applied:
o We may swap (permute) rows of A if necessary.

o We may swap (permute) columns as long as we re-enumerate the

unknowns x;, too.

o We may multpily one row by a scalar factor and add it to another row.

Linear Equations 2-25



Gauss Elimination

In the first step of the Gauss elimination procedure is as follows:

o Permute the rows of A such that a; 1 # 0.

Linear Equations
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Gauss Elimination

In the first step of the Gauss elimination procedure is as follows:

o Permute the rows of A such that a; 1 # 0.

aj1

o For all row indices j = 2,...,n: substract ¢; = o times the first

row from the j-th row.

Linear Equations
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Gauss Elimination

In the first step of the Gauss elimination procedure is as follows:
o Permute the rows of A such that a;; # 0.

o For all row indices j = 2,...,n: substract ¢; = % times the first

row from the j-th row.

o The result of these operations is a matrix of the form

C1,1 C1,2 ... Cin

0 C2.2 N R )

0 Cn2 ... Cnmn

Linear Equations
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Gauss Elimination

The first step of the Gauss elimination procedure can also be

summarized in the form:
C = G1P1A and d= Glplb
such that the equation system Ax = b is equivalent to the equation

system Cx = d. Here, P; is a permutation matrix and G1 a Frobenius

matrix of the form

1 00 0
e 1 0 ... 0

G = g3 0 1
0

g 0 ... 0 1

Linear Equations 2-29



Gauss Elimination

In the second step of the Gauss elimination we apply the same

transformation strategy to the remaining (n — 1) x (n — 1) dense block

such that

FE = G2P2G1P1A and f = GgPQGlplb

such that the equation system Ax = b is equivalent to the equation

system Ex = f. Here, E has the form

C11 C12 C13
0 €22 €23

E=10 0 €3,3

0 0 €n,3

Linear Equations

Cin
€2.n

€3.n

€n,n
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Gauss Elimination

If we keep on applying the same strategy we end up with a triangular

matrix

R = Gn—lpn—l . G1P1A .

and a vector s = G,_1P,_1...G1P1b such that the equation system
Ax = b is equivalent to the equation system Rz = s. The triangular

system can then be solved by backwards substitution.

Linear Equations 231



Gauss Elimination

If we keep on applying the same strategy we end up with a triangular

matrix

R = Gn—lpn—l . G1P1A .

and a vector s = G,_1P,_1...G1P1b such that the equation system
Ax = b is equivalent to the equation system Rz = s. The triangular
system can then be solved by backwards substitution. The complexity of

computing R is of order O(n?).

Linear Equations 2-32



LR Decomposition

We assume for simplicity that we do not have to permute the rows of A.

The matrix

L=G{'Gyl .Gl = I31 32 1
0

ln 1 ln,Q s ln,n—l 1

)

is lower triangular and satisfies LR = A by construction.

Linear Equations 2-33



Uniqueness of LR-Decomposition

The LR-Decomposition is unique: if there were two LR decompositions
A=L1Ry = LsRy

we would have

Ly'Li = RoRy' =1,

since the matrix Ly 'L, is lower triangular (with ones on the diagonal)
and R is an upper triangular matrix. Thus, we have R; = Rs and

Ly = Lo.

Linear Equations 2-34



Application of LR Decomposition in Practice

In practice, we are often in the situation that we want to solve mutiple

linear equation systems of the form
Axizbi, iZl,Q,...,N

for changing vectors b; € R™. A naive implementation of Gauss

elimination would lead to the complexity O(N - n?) for computing

T1y...-,TN-

Linear Equations
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Application of LR Decomposition in Practice

In practice, we are often in the situation that we want to solve mutiple

linear equation systems of the form
Axizbi, iZl,Q,...,N

for changing vectors b; € R™. A naive implementation of Gauss
elimination would lead to the complexity O(N - n?) for computing
T1,...,TN-

A major speed-up can be obtained by storing the LR-decomposition,

A = LR, of the matrix A and then compute
21 =R L7, ao=R'L7%,. ...

Now, the complexity is O(n> 4+ N - n?).

Linear Equations



Computation of Determinants

If a LR-decomposition of the matrix A € R™*™ is known, the
determinant can be computed from

det(A) = det(LR) = det(L)det(R) = det(R) = ﬁ Ry .

=1

Linear Equations 237
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Band-Structured Matrices

A band-structured matrix is a matrix whose components satisfy
aj =0 for k<j—m or k>j+m,.

Here m, and m, are called the widths of the band-matrix A.

Linear Equations 2-39



Band-Structured Matrices

A band-structured matrix is a matrix whose components satisfy
aj =0 for k<j—m or k>j+m,.

Here m, and m, are called the widths of the band-matrix A.
Examples:

o For my =0 and m, < n — 1: upper triangular matrix.

o For my, =0 and my < n — 1: lower triangular matrix.

o For my =1 and m, = 1: tridiagonal matrix.

Linear Equations



Gauss Elimination for Band-Structured Matrices

If we do not have to permute rows, equation systems of the form
Ax =10

can be solved with Gauss-elimination, too, while exploiting the

band-structure. The complexity is in this case

O(nmym,) + O(n(m; +m,)) .

Linear Equations



Example: Tridiagonal Matrices

For the case that A is a tridiagonal matrix of the form

al bl
S
bn—l
C’IL an
the matrices L and R have the form
1 a
L=| " and R=

T 1

Linear Equations
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Example: Tridiagonal Matrices

The coefficients «; and ; can be computed by the recursion

ap = ap,

— Cq
Yi = ril ) and Q;

ai — Yibi

fori=2,...,n.

Linear Equations
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Symmetric Positive Definite Matrices

A matrix A € R"*" is called symmetric positive definite if we have
A= AT and
Vo e R™\ {0}, vl Av > 0.

Linear Equations



Symmetric Positive Definite Matrices

A matrix A € R"*" is called symmetric positive definite if we have
A= AT and
Vo € R™\ {0}, vl Av > 0.

Equation systems of the form Ax = b with A being symmetric positive

semi-definite are solved by representing A in the form
A=LDL",

where L € R™*™ is a lower diagonal matrix with ones on the diagonal

and D € R"*"™ a diagonal matrix.

Linear Equations 2-46



Cholesky Algorithm (LDL"-Variant)

Let us work out the matrix product

LDLT =
1 D1 1
Lo 1 Do Lo 1
L3x L3z 1 D3 L3i L3z 1
D1 symmetric
L21Dy L§71D1 + Do

L3 1Dz  L3i1L21Di1+ L3 2D2 L§,1D1 + L§,2D2 + D3

Linear Equations



Cholesky Algorithm (LDL"-Variant)

We want to determine L and D such that
D1 symmetric
L21D1 L§,1D1 + D>

A=
L3 1D L3zi1L21D1+ L3 2D2 L§,1D1 + L§72D2 + D3

Linear Equations 2-48



Cholesky Algorithm (LDL"-Variant)

We want to determine L and D such that
D1 symmetric
Lo1Dy L§,1D1 + Do
L3 1Dy L3 1L21D1+ L3 2D2 L§,1D1 + L§72D2 + D3

o We first set D; = A; 1 > 0 (since A is positive definite).

Linear Equations 2-49



Cholesky Algorithm (LDL"-Variant)

We want to determine L and D such that

D1
Lo1Dy L§,1D1 + Do

A=
L3 1D L3zi1L21D1+ L3 2D2 L§,1D1 + L§72D2 + D3

o We first set D; = A; 1 > 0 (since A is positive definite).

o We can find L271 = A2,1/D1-

Linear Equations
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Cholesky Algorithm (LDL"-Variant)

We want to determine L and D such that
D1 symmetric
L21D1 L§,1D1 + D>

A=
L3 1D L3zi1L21D1+ L3 2D2 L§,1D1 + L§72D2 + D3

o We first set D; = A; 1 > 0 (since A is positive definite).
o We can find L271 = Ag,l/Dl.

o The diagonal entry Dy = Ay 5 — L3 ;D1 > 0 must be positive.

Linear Equations



Cholesky Algorithm (LDL"-Variant)

We want to determine L and D such that
D1 symmetric
L21D1 L§,1D1 + D>

A=
L31D2  Lzi1L21Di+ Ls32De L3 ,Di+ L§72D2 + D3

o We first set D; = A; 1 > 0 (since A is positive definite).

o We can find L271 = Ag,l/Dl.

©

The diagonal entry Dy = Ay 5 — L3 ;D1 > 0 must be positive.

o General recursion (for ¢ > j):

i1 i-1
1
Djj=Aj;=) LjxDy and Lij =7~ (Am‘ - ZLi,ij,ka>
k=1 J k=1

Linear Equations 2-52



Cholesky Decomposition

o Cholesky's algorithm works reliably for positive definite matrices,

D;; > 0. We could also set
A=LTL with L=DL.
This is the “original” Cholesky decomposition (i can be interpreted
as a “square-root” of A)
o Variants of the above LTDL algorithm are applicable for symmetric

indefinite matrices, but require permutation of rows/columns

o For the symmetric non-positive-definite matrix

0 1
1 0

A:

the LTDL algorithm fails (but we could permute rows).
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o QR-Decomposition
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Orthonormal Basis

o Let A= (a1,as,as3,...,a,) € R"*™ be a given matrix

o The vectors ay,as,...,a, € R"™ are the columns of A

o The vectors g1, qo,...,q- € R™ with » < n are called an orthonormal
basis if

Span(ql, q2;-- -, QT) = Span(ala az, ..., am) = Im(A)

and
o T 1 ifi=j
VZ,]E{LQ,...,T}, qiquéiyjz
0 otherwise

o Notice that we must have r = dim(Im(A))
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QR Decomposition

o Regard the orthormal basis vectors as columns of a matrix @,
Q = (q17q23"'7QT)
o The matrix @) satisfies QTQ =1

o And we have Im(A4) = Im(Q)

©

On the next slides we will prove that there exist an upper triangular
matrix R such that
A=QR.

This is called a QR decomposition of A.

Linear Equations
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Gram-Schmidt Algorithm

Input: m vectors aq,...,a,, € R™.

Linear Equations
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Gram-Schmidt Algorithm

Input: m vectors aq,...,a,, € R™.

Gram-Schmidt Algorithm:

Fori=1,...,m:

o Orthogonalization. §; = a; — (¢fai)g1 — ... — (¢} _1ai)qi—1.

o Test for linear dependence. If g; = 0, set ¢; = 0 and skip next step.

N g
o Normalization. ¢; AR
Optional: delete all Os from the sequence ¢1,qa, ..., ¢m. This saves

memory but we should keep an index list (or use a sparse matrix format).
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Properties of Gram-Schmidt Algorithm

Gram-Schmidt constructs the ¢1, g2, . . ., ¢m (with 0s) such that
ar = (afq)q
az = (ajq)q + (a3q2)q2
am = (af,q)q + (af,q2)q2 + - - + (@], qm)dm

Moreover, we have ¢ q; = 0; ; (Exercise: proof by induction!)
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QR Decomposition

Write a1 = 71,191
az = T12q1+722Q2
Um = T1mQ1+72mq2+ - -+ T"mmdm

with r; j = a]g;, which yields A = QR with

i, T2 ... Tim
2,2 e T2,m
(ala az, ..., am) = (Q1,Q2’ ceey Q’m)
=A =Q
Tm,m
Linear Equations =R
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Complete QR decomposition
Problem:
o we might have dim(Im(A)) =r < n.
o Thus, if r < n, we have QTQ = I but QQT # I.
Remedy:
o apply Gram-Schmidt algorithm to the augmented matrix A = [A, I]
o delete all “zero-columns” from @ (and corresponding rows of R)

o this yields Q and R such that QR = A and

Ry R Ry € RT>m
Qer™, R=| " TP ith H

0 Ra Rap € R4,

where @ is orthogonal, Ry1 and Ras upper triangular (with full rank).
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QR Decomposition

o In summary, Gram-Schmidt algorithm yields the representation

Qi1 Q2 Ry
Qa1 Q22 0

A=

o The equation system Ax = b admits a solution if and only if
{ Qly QI } b=0
o If the above condition holds, all solutions of Az = b satisfy
Rux =T with T = |: QII Q;l :| b

o Solve by backward substitution! (always works, as Ry; has full rank!)
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Householder’s QR Algorithm

o Gram-Schmidt algorithm are sometimes affected by cancellation /
numerical ill-conditioning: the vectors a; are reduced in length after

successive substraction of its projections.
o Householder’'s method is an alternative to Gram-Schmidt algorithms

o Key idea: introduce reflecting matrices of the form

H; =1 - 2ww] with unit vectors w; € R, Jw;|2 =1

©

The matrices H; are symmetric and orthogonal, since

sz :I—4w¢wg+4wiw}wiw2 =1
——
=1

Linear Equations
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Householder’s QR Algorithm: Derivation

Let a # 0 be the first column of a matrix A.

©

©

Our first goal is find a unit vector w such that
(I —2wwT)a = Xe1 forascalar AeR

o We claim that this is true for

_a + ||alles
la =+ [[allex]]

Proof: either use your geometric intuition or directly show that

©

lat Jalled]ls = 2(ataler)Ta = (I-2wwT)a = £(=1)]alles
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Householder’s QR Algorithm: Summary

o We can find H; = I — 2wyw] such that

* ok *
0 % *
H{A=
0 % *

o We repeat the same procedure for all sub-blocks until

H, 1H, ».. HA=R

is upper triangular. Finally, A = QR with Q = H1H, ...

Linear Equations
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o Problem Formulation
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Problem Formulation

We are interested in solving “large” linear equation systems of the form
Ar =b,

where A € R™*™ is a symmetric and positive definite matrix.
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Iterative versus Direct Methods

Examples for direct LA methods are
o Gauss-elimination; LR decomposition)
o Gram-Schmidt methods; QR decomposition

o Cholesky factorization; tailored for symmetric matrices)
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Iterative versus Direct Methods

Examples for direct LA methods are

o Gauss-elimination; LR decomposition)

o Gram-Schmidt methods; QR decomposition

o Cholesky factorization; tailored for symmetric matrices)
These and similar methods

1. have complexity O(n?) (if sparsity is not exploited)

2. find = up to small rounding errors, if A is well-conditioned.
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Iterative versus Direct Methods

In contrast to direct elimination/decomposition methods, we

concentrate in this lecture on iterative algorithms that
o converge to a solution = of the equation Ax = b,

o improve an iterate for x; ~ = at every step,

o are stopped whenever a “sufficiently accurate solution” is found or if

we run out of time.

Iterative Methods
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o Gradient Methods

Iterative Methods
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An optimization perspective

Notice that solving the equation Az = b, A > 0, is equivalent to solving

the quadratic optimization problem

1
min F(x) with F(z) = ixTAx —27b .
x
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An optimization perspective

Notice that solving the equation Az = b, A > 0, is equivalent to solving
the quadratic optimization problem

1
min F(x) with F(z) = ixTAx —2Th.
x

Proof: The function F is strictly convex (since F”'(z) = A = 0) and the

gradient VF(x) = Az — b is zero if and only if z satisfies Az = b.

39
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An optimization perspective

Notice that solving the equation Az = b, A > 0, is equivalent to solving

the quadratic optimization problem

min F(x) with F(z) = ixTAx —2Th.
x

Proof: The function F is strictly convex (since F”'(z) = A = 0) and the

gradient VF(x) = Az — b is zero if and only if z satisfies Az = b.

An alternative approach could start by solving min, || Az — b||3, but then we would

square the condition number.
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Gradient Methods

Gradient methods compute iterate by search for the “steepest descent”
of F:

Th+1 — Tk — OszF(l'k) = Tk — Oék(Al'k - b) .
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Gradient Methods

Gradient methods compute iterate by search for the “steepest descent”
of F:

Th+1 — Tk — OszF(l'k) = Tk — Oék(Al'k - b) .

The line search parameter « can be found “exact line search”, that is,
by solving
min F(z; — ag(Azy — b)) .

[e25
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Gradient Methods

In order to work out explicitly the solution of the line search problem

min F(z; — ag(Azxy — b)),

(&2

we denote with dp = Az, — b the search direction and elimate a}, from

the optimality conditions
0= VF(Z‘k - Oékdk)Tdk == dzdk — akd{Adk
which yields

_ dldy
dT Ady,

Qg

Iterative Methods



Summary: Gradient Method

1. Input: An intitial guess zy and tolerance € > 0.
2. Repeat:

2.1 compute the step direction dy = Axx — b,
2.2 if ||d|| < e, stop.

d¥ dy,

2.3 compute the line search parameter ay = T
k k

2.4 set xi4+1 = T — ady and increase the counter k < k + 1.

3. Output: A numerical approximation xj = x of the solution vector.

Iterative Methods



Convergence Analysis of Gradient Methods

Most of the convergence proofs for gradient methods first show that we

get in every step a sufficient descent of the “Lyapunov function”

Liy)=@y—=)"Aly—z) .
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Convergence Analysis of Gradient Methods

Most of the convergence proofs for gradient methods first show that we

get in every step a sufficient descent of the “Lyapunov function”
L(y) = (y —2)" Ay — 2) .
One way to show this is by using the equation
L(zgpy1) = (xp—x— ozk.dk.)T Axg — oz — ozkdk.)T

= L(l‘k) - Q(Xk(l'k - l‘)TAdk + @idgAdk .
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Convergence Analysis of Gradient Methods

Most of the convergence proofs for gradient methods first show that we

get in every step a sufficient descent of the “Lyapunov function”
L(y) = (y— 2)" Ay — ) .
One way to show this is by using the equation
L(zgpy1) = (xp—x— ozk.dk.)T Axg — oz — ozkdk.)T
= L(xy) — 2ap(zp — )T Ady, + ozidedk )

Since d, = Axy, — b = A(zy, — x) this can be simplified further to

4
_ Nl
dl Ady, '
——
>0

L(zpy1) = L(zg) —204dEdy + oid) Ady = L(xy)

which proves that we get a strict descent.

Iterative Methods



Convergence Analysis of Gradient Methods

In order to finally prove convergence, we have to analyze the equation

L(zptr) = Llw) —

a bit further. For this aim, we estimate the term

ldlly — ldelly o Awm(4) 1
dgAdkL(xk) dgAdkdzAfldk - )\max(A) COndQ(A) '
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Convergence Analysis of Gradient Methods

In order to finally prove convergence, we have to analyze the equation

L(zptr) = Llw) —

a bit further. For this aim, we estimate the term

ldlly — ldelly o Awm(4) 1
dgAdkL(xk) dgAdkdzAfldk - )\max(A) COndQ(A) '

This proves that the gradient method converges with linear rate

L($k+1) S (1 — j:::(g) L(l’k)

Iterative Methods



Convergence Analysis of Gradient Methods

The convergence rate estimate 1 — % indicates that
o Gradient methods work very well, if conda(A) is close to 1.

o The other way round, if A is ill-conditioned the gradient method
converges very slowly.

These theoretical prediction are confirmed in numerical experiments.

Iterative Methods
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Convergence of Gradient Methods in Practice

In practice, if we plot the iterates of a gradient method, we typically
observe a “zig-zag” behavior. This is due to the fact that subsequent

search directions of the gradient method are orthogonal to each other

d¥ o dy = (di — axAdy)" dy = dl dy — apdf Ady, = 0.
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Convergence of Gradient Methods in Practice

In practice, if we plot the iterates of a gradient method, we typically
observe a “zig-zag” behavior. This is due to the fact that subsequent

search directions of the gradient method are orthogonal to each other

d¥ o dy = (di — axAdy)" dy = dl dy — apdf Ady, = 0.

Remark: the convergence rate estimate of the gradient methods can be

improved by using “Kantorovich's inequality” which yields

)\max(A) - )\min (A) /
L(xk+1) é Amax(A) +)\min(A) L(‘T ) .
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o Conjugent Gradient Methods
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Conjugent Vectors

Two vectors u and v are called conjugent (or “A-orthogonal”) with
respect to a matrix A, if

uwlAv=0.

Iterative Methods

3-24



Conjugent Vectors

Two vectors u and v are called conjugent (or “A-orthogonal”) with

respect to a matrix A, if

uwlAv=0.

o for gradient methods only successive search directions are orthogonal

o main idea of conjugent gradient methods: maintain A-orthogonality

of all search directions.

Iterative Methods 3-25



Krylov subspaces

The affine vector spaces
KZ(A, do) = Span (do7 Ado, A2d0,

are called Krylov subspaces.

Iterative Methods

. Aldy)
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Construction of Conjugent Gradient Methods

The main idea is to construct iterates of the form
—1
T; = Xo -+ Z 6jdj
=0
such that the coefficients 3; are minimizers of
Jj—1 1
min F | zo + Zﬂjdj with F(z) = —zTAz — vz,
B et 2

which gives the optimality conditions (Az; — b)Td; = 0 for

j=1,...,i—1.

Iterative Methods
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Construction of Conjugent Gradient Methods

Let the previous search directions dy = Axg — b,dy,...,d;_1 be an
A-orthogonal basis of the Krylov space K;(A,dp). We may assume
Az; —b ¢ K;(A,dp) as we would have z; = = otherwise. This motivates

to construct the next search direction d; € K;11(A4,dy) from
di = —(Ax; — b) + Bi—1di—1 -
This direction satisfies the orthogonality condition
d} Adj = —(Az; — b)T Adj + Bi—1d 1 Ad; =0
for j =1,...,7— 2 by construction.
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Construction of Conjugent Gradient Methods

The parameter (§;_1 is then constructed in such a way that we have

0= leAdi_l = —(Ax; — b)TAdi_1 + 6i—1le,1Adi—1

_ (Az;—b)T Ad;

— 61'71 le,IAdz—l

Iterative Methods
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Construction of Conjugent Gradient Methods

The parameter (§;_1 is then constructed in such a way that we have

0= d;-TAdi_l = —(A.Z‘i - b)TAdi_l

=  Bia1

+ Bi—1dl  Ad;—4

_ (Az;—b)T Ad;
T 4T [Adioi

Thus yields the recursion law for the conjugent gradient method

gk+1 = gkt arAgy
Tpt1 = Tk +apdy
dpy1 = —gk + Brdk
with aj, = gidi _ loxlly and 3, = ”g’““”;. The method is started

dT Ady, — dTAdy 13

with dg = —go = b — Axyg.

Iterative Methods
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Convergence of Conjugent Gradient Methods

Since we are constructing an A-orthogonal basis, the conjugent gradient

method terminates after at most n steps.

o If we run the conjugent gradient method for n steps, it is a “direct

method".
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Convergence of Conjugent Gradient Methods

Since we are constructing an A-orthogonal basis, the conjugent gradient

method terminates after at most n steps.

o If we run the conjugent gradient method for n steps, it is a “direct

method".

o In practice, the conjugent gradient method is terminated whenever

sufficient accuracy is achcieved, e.g., if ||gx|| < e.
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Polynomial Interpolation

Problem Formulation

©

Divided Differences

(4]

©

Interpolating Functions

©

Hermite Interpolation
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Polynomial Interpolation

We have n + 1 data point (2o, %0), - -, (Tn, Yn). We are interested in

finding a polynomial
p(z) = ao + a1x + agx® + ... + a,a”

such that p(z;) = y; for all i € {0,...,n}.

Polynomial Interpolation
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Polynomial Interpolation

We have n + 1 data point (2o, %0), - -, (Tn, Yn). We are interested in

finding a polynomial

p(z) = ao + a1x + agx® + ... + a,a”

such that p(z;) = y; for all i € {0,...,n}.
Application Examples:

o We have a (smooth) function f : R — R. Evaluating f at one point
takes, say 1h. We need to evaluate f at 10° points = € [0, 1] within
6h. What can we do?

o We measure very accurately the lift force of a wing for 11 different
angles of attack in [0°,10°]. We want to predict the lift force of the

wing at intermediate angles (but have no physical model at hand).

Polynomial Interpolation
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Existence and Uniqueness of Solutions

Theorem If none of the points x, ..., z, are equal, there exists a
unique sequence of coefficients ag, .. ., a, such that p(x;) = y; for all

i €0,...,n}, where

p(z) = ag + a1z + asx® + ...+ apz™.
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Existence and Uniqueness of Solutions

Theorem If none of the points x, ..., z, are equal, there exists a
unique sequence of coefficients ag, .. ., a, such that p(x;) = y; for all

1€40,...,n}, where
p(x) = ap + a1z + asx® + ... + apz™ .

Proof: The proof of this theorem proceeds in two parts:

o Existence: construct a polynomial satisfying all requirements,

Polynomial Interpolation
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Existence and Uniqueness of Solutions

Theorem If none of the points x, ..., z, are equal, there exists a
unique sequence of coefficients ag, .. ., a, such that p(x;) = y; for all

1€40,...,n}, where
p(x) = ap + a1z + asx® + ... + apz™ .

Proof: The proof of this theorem proceeds in two parts:

o Existence: construct a polynomial satisfying all requirements,

o Uniqueness: prove that if we have two interpolating polynomials, then

they are equal.
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Lagrange Polynomials

Lagrange's idea is to define auxiliary polynomials of the form

i x—xj
L= I 7=
J=047#i ~" Y

for all i € {0,...,n}.
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Lagrange Polynomials

Lagrange's idea is to define auxiliary polynomials of the form

n

T —x;
L) = 11—
j=04#i
for all i € {0,...,n}.
Important Property:
1 ifi=k
Li(zy) = =0k

0 otherwise
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Lagrange Polynomials

Lagrange's idea is to define auxiliary polynomials of the form

n

T —x;
L) = 11—
j=04#i
for all i € {0,...,n}.
Important Property:
1 ifi=k
Li(zy) = =0k

0 otherwise

Thus, p(z) = > ) _o ykLi(x) satisfies p(x;) = y; for all i € {0,. ..

Polynomial Interpolation



Example: Linear Interpolation

For n =1 the problem reduces to finding a line (= a polynomial with

degree 1) passing through two given points

(zo,y0) and (x1,y1) .
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Example: Linear Interpolation

For n =1 the problem reduces to finding a line (= a polynomial with

degree 1) passing through two given points

(zo,y0) and (x1,y1) .

The corresponding Lagrange polynomials are

Lo(x) = T and Li(z) =

o — T1 Tr1 — o

T — X0
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Example: Linear Interpolation

For n =1 the problem reduces to finding a line (= a polynomial with

degree 1) passing through two given points
(zo,yo) and  (w1,91) -

The corresponding Lagrange polynomials are

Lo(x) = T and Li(z) =

o — T1 Tr1 — o

T — X0

Thus, the affine given function passing through the points is

r — I r — X
p(r) = yolLo(z) +y1Ll1(z) = vo 1
o — I 1 — X9
— To — Yo
= Yo — 4 ac—i—yl 0~ Yot =ag +a1x
o — T1 Zo — X1
N——
ay ag

The function p satisfies p(x¢) = yo and p(z1) = 1.

Polynomial Interpolation



Existence and Uniqueness of Solutions

Theorem If none of the points xq, ..., z, are equal, there exists a
unique sequence of coefficients ag, .. ., a, such that p(x;) = y; for all

i €40,...,n}, where
p(x):a0+a1$+a2£€2+...+an;ﬂ",

Proof (Part I: Existence). The Lagrange polynomials

Liw)= [[ =%

T; — T4
j=04#i

are well-defined (we never divide by zero), since x; # z; for all i # j.
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Existence and Uniqueness of Solutions

Theorem If none of the points xq, ..., z, are equal, there exists a
unique sequence of coefficients ag, .. ., a, such that p(x;) = y; for all

i €40,...,n}, where
p(x):ao+a1$+a2£€2+...+an;ﬂ",

Proof (Part I: Existence). The Lagrange polynomials

Liw)= [[ =%

T; — T4
J=0,4zi ~* Y

are well-defined (we never divide by zero), since x; # z; for all i # j.
The polynomial p(z) = >~7_, yx Lk () satisfies the requirments; that is,

we have found (at least one) solution for p that is guaranteed to exist.
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Existence and Uniqueness of Solutions

Theorem If none of the points xo, ..., z, are equal, there exists a
unique sequence of coefficients ag, .. ., a, such that p(x;) = y; for all

i €40,...,n}, where
p(z) = ag + a1 + apx® + ... + apa™ .

Proof (Part Il: Uniqueness). Assume that we can find two

polynomials p, ¢ with degree < n which satisfy p(x;) = q(x;) = y; for
1€{0,...,n}.
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Existence and Uniqueness of Solutions

Theorem If none of the points xo, ..., z, are equal, there exists a
unique sequence of coefficients ag, .. ., a, such that p(x;) = y; for all

i €40,...,n}, where
p(z) = ag + a1 + apx® + ... + apa™ .

Proof (Part Il: Uniqueness). Assume that we can find two

polynomials p, ¢ with degree < n which satisfy p(x;) = q(x;) = y; for
1 €{0,...,n}. The function r(z) = p(z) — ¢(z) satisfies

r(z;) =0 forall i€{0,...,n}. (n+1 roots)

Thus, r(z) = 0, since r is a polynomial of degree < n, i.e.,, p=gq.
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Disadvantages of Lagrange Polynomials

In practice, Lagrange polynomials are almost never used for

interpolation. The two main reasons are:
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Disadvantages of Lagrange Polynomials

In practice, Lagrange polynomials are almost never used for
interpolation. The two main reasons are:

T—Ij
i—

1. Evaluating the expression p(z) = > 31" vi [[j_¢ j4 3 —= is often
? J

not well-conditioned, i.e., we have to expect large numerical errors.
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Disadvantages of Lagrange Polynomials

In practice, Lagrange polynomials are almost never used for

interpolation. The two main reasons are:

1. Evaluating the expression p(z) = > 31" vi [ [j_¢ j % is often
not well-conditioned, i.e., we have to expect large numerical errors.

2. Say, we have already a polynomial passing through n data points
(0,90), - (Tn—1,Yn—1) but now get a new data point (z,,yn). If
we use Lagrange polynomials for computing a polynomial that passes

through all data points, we have to compute this new polynomial

from scratch.
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Newton Polynomials

Newton's basis polynomials are given by

i—1

Ni(z) = [J(x — =) .

=0
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Newton Polynomials

Newton's basis polynomials are given by

i—1

Ni(z) = [J(x — =) .

Jj=0

The coefficients of the interpolating polynomial p(z) = Y7, b; N;(x)

can be found by solving the equation system

yo = p(wo) = by

y1 =p(x1) = bo+ bi(x1 — x0)

yn =p(xn) = bo+bi(xn —x0)+ ... +by(zn — ) ... (T — Tp—1)
recursively with respect to bg, by, ..., b,.
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Neuville’s Recursion ldea

Neville suggested a numerically stable way to find the coefficients of the

interpolating polynomial using Newton's basis.
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Neuville’s Recursion ldea

Neville suggested a numerically stable way to find the coefficients of the
interpolating polynomial using Newton's basis.
Key observation: if (zo,v0), .- ., (Zn,ys) are given data points and f

and ¢ functions that satisfy
o f(x;)=wy; forallie{0,...,n—1} and

o g(z;) =y; forallie{l,...,n},
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Neuville’s Recursion ldea

Neville suggested a numerically stable way to find the coefficients of the
interpolating polynomial using Newton's basis.

Key observation: if (zo,v0), .- ., (Zn,ys) are given data points and f
and ¢ functions that satisfy

o f(z;) =y; forallie{0,...,n—1} and

o g(z;) =y; forallie{l,...,n},

then we can construct the new “divided-difference” function

g9(x) - f(x)

Tn — o

hz) = f(x) + (x —20) ,
which satisfies h(z;) = y; for all i € {0,...,n}.
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Neville’s Recursion Idea: example for n = 2
In order to understand Neville's recursion, we consider the case n = 2.

o The constant functions pg o(x) = yo, p1,1(x) = y1, and p22(x) = Y2

interpolate the first, second, and third data point, respectively.
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Neville’s Recursion Idea: example for n = 2

In order to understand Neville's recursion, we consider the case n = 2.

o The constant functions pg o(x) = yo, p1,1(x) = y1, and p22(x) = Y2
interpolate the first, second, and third data point, respectively.

p1,1(x)—po,o(x)
Tr1—Xo

o The polynomial po1(z) = po,o(x) +
po,1(zi)) =y, for i € {0,1}.

(x — xg) satisfies
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Neville’s Recursion Idea: example for n = 2

In order to understand Neville's recursion, we consider the case n = 2.

o The constant functions pg o(x) = yo, p1,1(x) = y1, and p22(x) = Y2

interpolate the first, second, and third data point, respectively.

o The polynomial pg.1(z) = po.o(z) + LetE=Po0l®) (1 4y satisfies

Tr1—Xo
po,1(zi)) =y, for i € {0,1}.

o The polynomial pyo(z) = py 1 (2) + 22287211l (1 41 satisfies

To—Iq
p1,2(x;) = y; for i e {1,2}.
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Polynomial Interpolation

Neville’s Recursion Idea: example for n = 2

order to understand Neville's recursion, we consider the case n = 2.

The constant functions poo(x) = yo, p1.1(x) = y1, and pa2(x) = ya
interpolate the first, second, and third data point, respectively.

The polynomial pg 1 (x) = poo(z) + %ﬁw(ﬂ(m — ) satisfies
po,1(zi)) =y, for i € {0,1}.

The polynomial p; o(x) = p11(z) + %(m 1) satisfies
p12(xi) =y, for i € {1,2}.

The polynomial p(x) = po1 + %ﬁzvl(gﬂ)(
p(x;) =y; for i € {0,1,2}.

x — x) satisfies



Divided Differences

In general, Neville's recursion is initialized with
pii(z) =y, fa. ie{l,....n}

and applies the recursion rule

Pit1,itk(T) = Diitr—1(7) (
Titk — Tj

Piitk(T) = piiyr—1(z) + T — ;)

for k € {1,...,n — i} to finally compute p(z) = pg ().
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Divided Differences

In general, Neville's recursion is initialized with
pii(z) =y, fa. ie{l,....n}

and applies the recursion rule

Pit1,itk(T) = Diitr—1(7) (
Titk — Tj

T — T;)

Pi,i+k(T) = Pijitr—1(x) +

for k € {1,...,n — i} to finally compute p(z) = po »(x). This formula

can be used directly, if p(x) should be evaluated at a given point x.
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Divided Differences
The divided differences are defined by the recursion

dit1,i4k — diipr—1

di,i =vy; and di,i+k =
Titk — T4

fori € {0,...,n} and k€ {0,...,n —}.
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Divided Differences
The divided differences are defined by the recursion

dit1,i4k — diipr—1

di,i =1y; and di,i+k =
Titk — T4
fori € {0,...,n} and k€ {0,...,n —}.
Theorem The functions p; ;+x(x) can be written in the form

pi,iJrk(x) = di,i + di,i+1(x — 1’1) +...+ di,i+k($ — {,CZ) . (SL’ — xi+k71) .

fori€{0,...,n} and k€ {0,...,n —i}.
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Divided Differences
The divided differences are defined by the recursion

dit1,i4k — diipr—1
Titk — T4

di,i =y; and di,i+k =
fori € {0,...,n} and k€ {0,...,n —}.
Theorem The functions p; ;+x(x) can be written in the form
Diivk(T) =dii+diip1(z —x) + . .+ diivn(e — i) . (T — Tigp—1) -
fori€{0,...,n} and k€ {0,...,n —i}.

Proof: We have

Pi,i+k(T) = Pijitr—1(x) + diipr(® —23) ... (€ — Tigp—1) by
construction. The proof follows by induction over k.
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

T/o‘yo‘

For one data point, the constant polynomial p(x) = yo is the solution.
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

Zo | Yo

1 | Y1

Let's assume a second data point becomes available.
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

Zo | Yo | do1

1 | 1

We compute do1 = £=22 and find the interpolating polynomial

T

p(x) = yo + do1(z — x0) .
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

Zo | Yo | do1
1 | Y1

T2 | Y2

Once the third data point is available...
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

zo | Yo | dot
21 | Y1 | di2

T2 | Y2

. we compute dip = % and ...

Polynomial Interpolation 4-40



Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:
Zo
T
T2
R di2—doy

To—xo

Polynomial Interpolation

Yo
U1
Y2

do1
dy2

doa



Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

o | Yo | dor  do2
z1 | Y1 | di2

T2 | Y2

diz—d ; : I
. dog = ﬁ.The interpolating polynomial is

p(x) = yo + do1(x — o) + do2(x — xo)(x — 21) -
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

Zo
z1
€2

zs3

Yo
Y1
Y2
ys

dor  do2 dos
dip  dis
das

In general, the complexity of adding one data point is O(n).
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:
Zo | Yo | dor do2 dos
z1 | y1 | diz  dis

€2 Y2 das

3 | Y3

In general, the complexity of adding one data point is O(n).

The complexity for computing all coefficients is O(n?).
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

X0
X1
X2
X3

X4

Yo
Y1
Y2
Y3
Ya

do1
di2
da3
dsq4

do2
di3
dos

doz doa
dia

If we are only interested in computing pg,, we don't have to store all

coefficients. Thus, the memory requirement scales with O(n).
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Visualization of Divided Differences

Divided differences can be computed recursively as visualized in the table

below:

We can keep on refining the scheme whenever new data points are

available; p(z) = Y7 doi Ni(x).

Polynomial Interpolation

Zo
T
T2
T3
T4

x5

Yo
Y1
Y2
Ys
Ya
Ys

do
dy
do

3

4

5

doy
dis

dos



Evaluation based on Horner’s Scheme

Once the divided differences are computed the polynomial
p(z) = 31", do;Ni(z) can be evaluated at any given point z based on

Horner's algorithm:

bn = dOn

o
=
I

dox + (x — xp)bgr1 k=n—1,...,0

p(z) = bo.
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o Interpolating Functions
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Polynomial Approximation Error

Polynomial interpolation can be applied to any set of data points.
However, often we are interested in approximating functions, i.e., the

data points are

yi = f(z;), 1€{0,...,n},

where f is a (n + 1)-times continuously differentiable function.

Polynomial Interpolation



Polynomial Approximation Error

Polynomial interpolation can be applied to any set of data points.
However, often we are interested in approximating functions, i.e., the
data points are

yi = f(z;), 1€{0,...,n},
where f is a (n + 1)-times continuously differentiable function.
The difference between f and the interpolating polynomial can in this

case be bounded by

8n+1 n
@) = 2] < oy | T [l
=

for a &, € [min; x;, max; ;] = [z, ).
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Proof of Interpolation Error Bound

Analysis of divided differences:
1. Define the notation f[x;] 2o f(zi).
2. Define the general divided differences recursively:

def  flTit1, - Tigr] = fl@is - Tigg—1]

floi, @iy, @ig] = e

w

. Polynomial approximation in Newton basis:

n n

p@) =" floo, o wlNi@) = 5p(a) = nlffeo, ..zl

=0

4. Rolle’s theorem: 2-p(&) = 2= f(&) for at least one & € [z,7].

5. All relations together yield the error bound from the previous slide!
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Polynomial Approximation Error

Example 1: For the function f(x) = sin(z) all derivatives are uniformly

bounded by 1 on the interval [z, Z]. Thus, we have
1 - 1 ey n
@) =p@) < gy (L@ =) < gy B -2

(n+1 e n+1)!

which converges to 0 for n — oo as long as x; € [z, 7).
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Polynomial Approximation Error

Example 1: For the function f(x) = sin(z) all derivatives are uniformly
bounded by 1 on the interval [z, Z]. Thus, we have
& 1

|ﬂ@—p@N§4—L——Iﬂm—%)g(

(n+ 1) oy et

j=1
which converges to 0 for n — oo as long as x; € [z, 7).

Example 2: For the function f(z) = H-% the n-th derivative satisfies

|f ()] = 2"nl O(|z|~7")

Here, a uniform convergence of polynomial interpolation cannot be

expected.
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o Hermite Interpolation
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Numerical Differentiation Revisited

What happens if we interpolate the points (z, f(z)) and
(x4 h, f(x + h)) for very small h > 0?
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Numerical Differentiation Revisited

What happens if we interpolate the points (z, f(z)) and
(x4 h, f(x + h)) for very small h > 0?

The slope of the interpolating polynomial approximates f/(z):

x f(x) f($+h}3—f(-ﬁ)
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Numerical Differentiation Revisited

What happens if we interpolate the points (z, f(z)) and
(x4 h, f(x + h)) for very small h > 0?
The slope of the interpolating polynomial approximates f/(z):
. fa) | fam=i@
x+h | fx+h)

For h — 0 this divided difference table becomes

z | fx) | f(x)
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Numerical Differentiation Revisited

The same principle can be used to approximate higher order derivatives,

for example

v—h | flo—h) | LI femh)=2 @)t

flath)—f ()
fla) | ===
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Numerical Differentiation Revisited

The same principle can be used to approximate higher order derivatives,
for example

v—h | flo—h) | LI femh)=2 @)t

z f(2) f(ﬂHh})L*f(r)
x+h | fx+h)
For h — 0 this divided difference table becomes
x| flx) | f'(z) 5f"(x)
x| f(z) | f'(z)

Polynomial Interpolation



Hermite Interpolation

Hermite's interpolation problem is to find a polynomial of degree

Yoo m; satisfying the condition

akpi

W(wl):yf? k€{07~-~>mi_1}

for all i € {0,...,n} and data y* € R.
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Hermite Interpolation

Hermite's interpolation problem is to find a polynomial of degree

Z?:o my; satisfying the condition

oFp;

87_1;(.131')::%]46, ke{o,...,mi—l}
for all i € {0,...,n} and data y* € R.
The solution polynomial can be found in analogy to the standard
interpolation problem with the only difference that the points z; are
added m; times to the divided difference table. The divided differences

are then replaced with the corresponding derivative terms.
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Hermite Interpolation

Example: we want to find a polynomial of degree 3, which satisfies

pla) = f(a) ,p'(a) = f'(a) , p(b) = f(b) , and p(b) = f'(b)

for given points a, b and a continuously differentiable function f.
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Hermite Interpolation
Example: we want to find a polynomial of degree 3, which satisfies
p(a) = f(a) ,p'(a) = f'(a) , p(b) = f(b) , and p'(b) = f'(b)

for given points a,b and a continuously differentiable function f. The

corresponding divided difference table is

ol f@) | ey Q@S0 2SO @S ) 0a)
a| fl) | =L@ LG 00

b| fo) | f'(B)

b | f(b)

This table yields the solution polynomial w.r.t. the Newton basis.
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Approximation Error of Hermite Interpolation

For the general Hermite interpolation, the difference between f and the

interpolating polynomial p is bounded by

1 amtLf( -
160 =90 < G| T L=
L

for a &, € [min; z;, max; x;] and m = 1", m;.

(for a proof see, e.g., the Numerical Analysis book by Burden and Faires)
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Summary

o There exists a unique polynomial of order n, which interpolates the
data points (20,%0); - - -, (Tn, Yn), if ; # x; for all i # j.
o The polynomial is given by p(z) = 3", y;L;(z), but this

representation is not used in practice.

o We have discussed how to use divided differences for computing

interpolating polynomials.

o If the derivatives of f are uniformly bounded, the polynomial

interpolation converges to the exact function for n — oo.

o Hermite interpolation additionally interpolates derivatives.
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Applications of Polynomial
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Applications of Polynomial Interpolation

o Extrapolation

o Splines
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o Extrapolation
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Problem Formulation

We have a function f : R — R that can be evaluated for all A > 0, but

f cannot be evaluated easily at h = 0. We are interested in computing

lim f(h) .

h—0
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Problem Formulation

We have a function f : R — R that can be evaluated for all A > 0, but

f cannot be evaluated easily at h = 0. We are interested in computing

lim f(h) .

h—0

Example: We want to evaluate the expression

. exp(h)—1
lim ———————
h—0  sin(h)

Here, we cannot simply substitute h = 0, as we would have to divide by

sin(0) = 0.
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L'Hospital’s rule

There are several solution strategies for computing limites whose
applicability depends on the situation. For example L'Hospital’s rule

gives
-1
o SR —1_ep(0)
h—0  sin(h) cos(0)

Applications of Polynomial Interpolation
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L'Hospital’s rule

There are several solution strategies for computing limites whose
applicability depends on the situation. For example L'Hospital’s rule

gives
-1
o SR —1_ep(0)
h—0  sin(h) cos(0)

Thus, if we use algorithmic differentiation, we may be able to implement

L'Hospital's rule for expressions of the form

At R

lim

no0 fo(h) | o0 fh(h)

assuming f1(0) = f2(0) = 0 and that the derivatives of f; and fs can

be computed easily.
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L'Hospital’s rule

There are several solution strategies for computing limites whose
applicability depends on the situation. For example L'Hospital’s rule

gives
-1
o SR —1_ep(0)
h—0  sin(h) cos(0)

Thus, if we use algorithmic differentiation, we may be able to implement

L'Hospital's rule for expressions of the form

At R

lim —=—

no0 fo(h) | o0 fh(h)

assuming f1(0) = f2(0) = 0 and that the derivatives of f; and fs can

be computed easily. However, in general L'Hospital’s rule may not be
applicable.
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Extrapolation

An alternative to L'Hospital’s rule is to use extrapolation. For this aim,
we evaluate f at a decreasing sequence of points h; > 0, e.g., hy = i,

=1 - L
hg—s,and h3_16'

Applications of Polynomial Interpolation
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Extrapolation

An alternative to L'Hospital’s rule is to use extrapolation. For this aim,
we evaluate f at a decreasing sequence of points h; > 0, e.g., hy = i,

_1 _ 1
h2 =3 and h3 = 16"

Next, we compute a polynomial p(z) interpolating the evaluation points

(h1, f(h1)), (ha, f(h2)), (hs,f(h3)), ...

and use the approximation limy,_.q % ~ p(0).
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Extrapolation Error

If the function f is (n + 1)-times continuously differentiable in a small
neighborhood of 0 and p(z) a polynomial of degree < n which

interpolates the points
(h1, f(h)), (h2, f(h2)), .., (hn, f(hn))
for small h > hqy > hy > ... > h, > 0, then we have
[p(0) = £(0)] < O(A" ).

(the proof follows from Taylor's theorem)
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Limitations of Polynomial Interpolation

We have learned in the previous lecture that the interpolation
polynomial may not converge uniformly for n — oo.

Example: [Runge’s phenomenon] Interpolation of

1
2 +1

fz) =

on equidistant grid on the interval [—5, 5] with high order polynomials

leads to (unwanted) highly oscillatory interpolation.
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Splines

One strategy to overcome this problem is to use splines. Here, we break
up the whole interval [Zmin, Zmax| into sub-intervals and interpolate the
function f on each of these sub-intervals with a polynomial of moderate

degree (often n = 3).
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Splines

One strategy to overcome this problem is to use splines. Here, we break
up the whole interval [Zmin, Zmax| into sub-intervals and interpolate the
function f on each of these sub-intervals with a polynomial of moderate
degree (often n = 3).

The most common splines are “piecewise linear interpolation” and

“cubic splines”.
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Splines

One strategy to overcome this problem is to use splines. Here, we break
up the whole interval [Zmin, Zmax| into sub-intervals and interpolate the
function f on each of these sub-intervals with a polynomial of moderate
degree (often n = 3).

The most common splines are “piecewise linear interpolation” and
“cubic splines”.

In this lecture we have a closer look at cubic splines.
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Cubic Splines using Hermite Interpolation

Let f be continuously differentiable. We divide the whole interval

[©mins Tmax] iNto n sub-intervals

Tmin =g <21 < ...<ZTp = Tmax -
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Cubic Splines using Hermite Interpolation

Let f be continuously differentiable. We divide the whole interval
[©mins Tmax] iNto n sub-intervals
Tmin = To < 21 < ... < Tp = Tmax -
Now, we search for a piecewise cubic approximation of the form
ZTmin + [/ (Tmin) (T — Tmin)  if < Tmin
p(x) =13 pi(z) if € [, i41]
Trmax + [ (Tmax) (T — Tmax)  if T > Tmax

with i € {0,...,n—1}),
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Cubic Splines using Hermite Interpolation

Let f be continuously differentiable. We divide the whole interval

[©mins Tmax] iNto n sub-intervals
Tmin =g <21 < ...<ZTp = Tmax -
Now, we search for a piecewise cubic approximation of the form
Lmin + f/(l‘mim)(-]j - xmin) |f T < Tmin
p(x) =19 pi(z) if € [, i41]
Tmax + [ (Zmax) (T — Tmax)  if £ > Trax
with 7 € {0,...,n — 1}),where the cubic polynomials p; satisfy
pi(z:) = f(z:) and  pi(z:) = f'(zs)
pi(®iv1) = f(wip1) and  ph(xipr) = f(xi41) (Hermite interpolation!)

for all i € {0,...,n}. The function p is called a cubic spline.
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Natural Cubic Splines

Another way to construct cubic splines is by imposing the following

conditions on the piecewise cubic function p:

1. The function p satisfies p(z;) = f(x;), i € {0,...,n}, (2n conditions)

2. The function p is twice continuously differentiable, (2(n — 1)
conditions)

3. We have p”(2min) = " (Zmax) = 0, (2 conditions)

In total, we have 4n conditions determining the coefficients of the n

cubic polynomials.
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Natural Cubic Splines

Notation: p;(x) = a; + bi(x — x;) + ci(x — ;)% + di(x — x;)3, assume
Ti41l — Xy = h.

1. Interpolation (i € {1,...,n}):

a; — f(l’z) and a; — blh + Cih2 — dth = f(l’i,1)
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Natural Cubic Splines

Notation: p;(x) = a; + bi(x — x;) + ci(x — ;)% + di(x — x;)3, assume
Ti41l — Xy = h.

1. Interpolation (i € {1,...,n}):
a; = f(z:) and  a; —bih+ c;h? — d;ih® = f(x; 1)
2. First derivatives (i € {1,...,n —1}):

bi = biy1 — 2¢iy1h + 3d; 1 B®

Applications of Polynomial Interpolation 5-21



Natural Cubic Splines

Notation: p;(x) = a; + bi(x — x;) + ci(x — ;)% + di(x — x;)3, assume
Ti41l — Xy = h.

1. Interpolation (i € {1,...,n}):
a; = f(z;) and a; —bh+ cih? — d;h® = flziz1)
2. First derivatives (i € {1,...,n —1}):
bi = bip1 — 2¢i41h + 3dip1 h?
3. Second derivatives (i € {1,...,n —1}):

ci = Ciy1 — 3diy1h
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Natural Cubic Splines

Notation: p;(x) = a; + bi(x — x;) + ci(x — ;)% + di(x — x;)3, assume
Ti41l — Xy = h.

1. Interpolation (i € {1,...,n}):
a; = f(z;) and a; —bh+ cih? — d;h® = flziz1)
2. First derivatives (i € {1,...,n —1}):
bi = bip1 — 2¢i41h + 3dip1 h?
3. Second derivatives (i € {1,...,n —1}):
ci = Ciy1 — 3diy1h

4. Boundaries: ¢, =0 ¢; —3dih =0.
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Natural Cubic Splines

The equation system can be simplified as follows:

1. We know the coefficients a; = f(x;).
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Natural Cubic Splines

The equation system can be simplified as follows:

1. We know the coefficients a; = f(x;).

Ci—Ci—1

2. From ¢; = ¢;y1 — 3d;iy1h we conclude d; = =5

Applications of Polynomial Interpolation

(define ¢y = 0).



Natural Cubic Splines

The equation system can be simplified as follows:

1. We know the coefficients a; = f(x;).

2. From ¢; = ¢i41 — 3di41h we conclude d; = “—*=* (define ¢y = 0).
3. From a; — b;h + ¢;h? — d;h3 = f(x;_1) we conclude

 fle) = fl@ic) | 2ei+ i
b; = A + 3 h .
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Natural Cubic Splines

The equation system can be simplified as follows:

1. We know the coefficients a; = f(x;).

2. From ¢; = ¢i41 — 3di41h we conclude d; = “—*=* (define ¢y = 0).
3. From a; — b;h + ¢;h? — d;h3 = f(x;_1) we conclude

flxi) = f(ziz) n 2¢; + ¢i—1 .

b= h 3

So, in summary, we can express the coefficients a;, b;, and d; in

dependence on the sequence cg,...,cy,.

From the boundary conditions we know that ¢y = ¢, = 0.
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Natural Cubic Splines

The next step is a bit cumbersome: we have to substitute our expression

for a;, b;, and d; into b; = bi—i—l — 26i+1h + 3di+1h2.
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Natural Cubic Splines

The next step is a bit cumbersome: we have to substitute our expression
for a;, b;, and d; into b; = b; 1 — 2c;y1h + 3d;41h? . This gives the
recursion:

fl@i)—f(zia) | 2¢itcio
h =+ 3 ~h

= f(xi“zl_f(z"’) + 2EG ) — 9¢ 0 b+ (cip1 — ¢i)h

- h(ci_l + 4c; + C,'_;,_l) =7

fori=1,...,n—1and ¢y = ¢, =0 as well as the short-hand

(f(@it1) = 2f (@) + f(xi-1)) -

T =

> w
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Natural Cubic Splines

Thus, the equation system for ¢y, ..., c,—1 can be written in the form
4h h ... 0 c1 r
h 4h h Co T2
h 4h h Cp—2 Tn—2
0 h 4h Cp—1 Tn—1

This equation system has a unique solution and can be solved using
tridiagonal matrix inversion algorithms. (for non-equidistant points z; a

similar result can be obtained)
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Properties of Natural Cubic Splines

The natural cubic splines satisfy the inequality

[ w@ras [ ek
xT

min Tmin

“The natural cubic spline p never oscillates more than the function f.
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Properties of Natural Cubic Splines

The natural cubic splines satisfy the inequality

[ r@rars [ @ e
. .

min min

“The natural cubic spline p never oscillates more than the function f.

Proof: Any twice continuously differentiable function w with

w(zo) = w(x1) = ... w(x,) = 0 satisfies
S p (@ (x)de = Yy [ P (@)w” (z)de
= L p'w ﬁlzmﬁﬁwwwmm
= {p”w’ $1+1 —p"w in}

f11+1 //// (x)dac .
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Proof (continued)

111

As p is a cubic polynomial, we have p"”" = 0 which implies

LTi41 /11

fﬂcmax P () (z)de = Z?;OI {p”w’ z DW

Tmin
n—=1 1
>ico P'w

Tit1 }

Ti41
i

as we have w(z;) = w(x;41) = 0.
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Proof (continued)

111

As p is a cubic polynomial, we have p"”" = 0 which implies

7,+1 o

f;rxfax pll(x)w//(x)dx — {p//w p""w
Zn_l P’
=0

as we have w(z;) = w(x;4+1) = 0. Finally, we find

Tit1 }

Ti41
i

fwnfax p"(x)w"(m)dz _ ZZL 01 p ' z+1

Tmin

= p(@n)w'(zn) — p"(zo)w'(x0) =0,

since p’(x¢) = p”(x,) = 0. For w = f — p we find

/ (@) da = / () + " (2) d > / (@) dz .

min min min
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Summary

o Extrapolation can be used to compute limit values of functions with
high accuracy (only needed if L'Hospital’s rule in combination with
algorithmic differentiation is not applicable).

o We have discussed two ways to construct cubic splines:

o Hermite interpolation (continuously differentiable interpolation)

o Natural Splines (twice continuously differentiable interpolation)

o Natural splines do not require us to evaluate derivatives of f.

o The average of the square of the second derivative of a natural spline

p is bounded by the average of the square of the second derivative of

the original function f.

Applications of Polynomial Interpolation
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Problem Formulation

Gauss’ approximation problem is to construct a polynomial p of degree

< n which solves

b
i — ith = 2dx .
mip 1 =5l with gl =/ [ a2z

denoting the Ly-norm. Here P,, denotes the set of polynomials

p: R — R with degree <n and f: R — R is a given function.

6-3
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L,-Scalar Products

Recall that the Lo-scalar product of two functions f, g : [a,b] — R on an

interval [a, b] is given by

b
(f,9) =/ f(x)g(z)dx .
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L,-Scalar Products

Recall that the Lo-scalar product of two functions f, g : [a,b] — R on an

interval [a, b] is given by

b
(f,9) =/ f(x)g(z)dx .

In this notation, the Lo-norm can be written in the form

11l = V(f )

In particular, the Cauchy-Schwartz inequality can be written in the form

{(£r9) < IfI-Ngll -
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Optimality Conditions

Theorem The polynomial p is a solution of the minimization problem
min — .
min |f -l

if and only if we have (f —p,q) =0 for all g € P,.

Gauss Approximation 6-6



Optimality Conditions
Theorem The polynomial p is a solution of the minimization problem
min |If ol -

if and only if we have (f —p,q) =0 for all ¢ € P,.

Proof:

Step 1: If p € P, is an optimal approximation, the function

F(t) := ||f — p — tq||* must have a minimizer at ¢ = 0 for all ¢ € P,.
Thus, we must have

0= EHf—p—tQH T (f —p,q) -

Gauss Approximation



Optimality Conditions

Theorem The polynomial p is a solution of the minimization problem
min — .
min |f = pll

if and only if we have (f —p,q) =0 for all ¢ € P,.
Proof:
Step 2: The other way around, if p satisfies (f — p,q) = 0 for all

q € P,, we have

If=pl*> = (f=p.f =)+ {(f—pa—p) < If =2l If —dl
—_———

=0

and thus || f — p|| < mingep, |f — ql|, i-e., p is a minimizer. O

Gauss Approximation 6-8



Uniqueness of Solutions

In the following, we check that the Gauss problem has at most one

solution:

Gauss Approximation
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Uniqueness of Solutions

In the following, we check that the Gauss problem has at most one

solution:

If two functions py,ps € P, satisfy the optimality condition

(f =p1,9) =(f —p2,q) =0 forall qeP,,

we also have (p; — p2,q) = 0.
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Uniqueness of Solutions

In the following, we check that the Gauss problem has at most one

solution:

If two functions py,ps € P, satisfy the optimality condition

(f =p1,9) =(f —p2,q) =0 forall qeP,,

we also have (p; — pa2,q) = 0. Thus, for ¢ = p; — pa, we find
[p1 —p2ll =0,

which implies p; = ps.
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Uniqueness of Solutions

In the following, we check that the Gauss problem has at most one
solution:

If two functions py,ps € P, satisfy the optimality condition
(f=p1,¢) =(f —p2,¢) =0 forall qe Py,
we also have (p; — pa2,q) = 0. Thus, for ¢ = p; — pa, we find

lp1 —p2|| =0,

which implies p; = ps.

Proving existence is a bit more difficult; we will come back to it later...

Gauss Approximation



o Gram-Schmidt Algorithm
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Gram-Schmidt Algorithm

Let’s recall some basic linear algebra:
Assume we have k vectors ag,...,ar € R™. Gram-Schmidt’s algorithm

can be used to check for linear independence:
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Gram-Schmidt Algorithm

Let's recall some basic linear algebra:

Assume we have k vectors ag,...,ar € R™. Gram-Schmidt’s algorithm
can be used to check for linear independence:

Gram-Schmidt Algorithm:

Fori=1,... k:

o Orthogonalization. g; = a; — (g1, a:)q1 — ... — (¢i—1, @;)Gi—1.

o Test for dependence. If g; = 0, quit.

o Normalization. q; = .

If the algorithm does not quit, the vectors a; are linearly independent.

Gauss Approximation



Gram-Schmidt Algorithm

The Gram-Schmidt Algorithm computes the vectors ¢y, . . .

vectors are orthonormal.

Gauss Approximation

, QK. These



Gram-Schmidt Algorithm

The Gram-Schmidt Algorithm computes the vectors ¢1, ..., qr. These
vectors are orthonormal. This can be proven by induction:

a1
llaill

o The vector ¢; = is normalized.
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Gram-Schmidt Algorithm

The Gram-Schmidt Algorithm computes the vectors ¢1, ..., qr. These

vectors are orthonormal. This can be proven by induction:

o The vector ¢; = Hgill is normalized.
o Assume the vectors qi,...,q;_1 are already orthonormal. Then, the

vector g, satisfies

@ a) = (ai,q5) — S0z (@ ai)(qr. 45)
= (ai4j) — Yo (k. ai)ok,; =0

for all j € {1,...,i— 1}, i.e., the vectors ¢, ..., q; are orthonormal.

Gauss Approximation



o Orthogonal Polynomials
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Gram-Schmidt Algorithm for Functions
The Gram-Schmidt Algorithm can be generalized for any Hilbert space.

In particular, we can apply it to functions, where (-, -) denotes the Lo

scalar product on the interval [—1,1].
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Gram-Schmidt Algorithm for Functions

The Gram-Schmidt Algorithm can be generalized for any Hilbert space.
In particular, we can apply it to functions, where (-, -) denotes the Lo
scalar product on the interval [—1,1].

Example: Start with ap(z) = 1, a1(x) = =, az(z) = 22, ..., a,, = 2™
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Gram-Schmidt Algorithm for Functions

The Gram-Schmidt Algorithm can be generalized for any Hilbert space.
In particular, we can apply it to functions, where (-, -) denotes the Lo
scalar product on the interval [—1,1].

Example: Start with ap(z) = 1, a1(x) = =, az(z) = 22, ..., a,, = 2™

o qo(z) = %
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Gram-Schmidt Algorithm for Functions

The Gram-Schmidt Algorithm can be generalized for any Hilbert space.
In particular, we can apply it to functions, where (-, -) denotes the Lo
scalar product on the interval [—1,1].

Example: Start with ap(z) = 1, a1(x) = =, az(z) = 22, ..., a,, = 2™

o qo(z) = %

o q1(z) = \/gx
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Gram-Schmidt Algorithm for Functions

The Gram-Schmidt Algorithm can be generalized for any Hilbert space.

In particular, we can apply it to functions, where (-, -) denotes the Lo

scalar product on the interval [—1,1].
Example: Start with ap(z) = 1, a1(x) = =, az(z) = 22, ..., a,, = 2™

o qo(z) = %

o q1(z) = \/gx

o prle) = /3327~ 1).
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Gram-Schmidt Algorithm for Functions

The Gram-Schmidt Algorithm can be generalized for any Hilbert space.
In particular, we can apply it to functions, where (-, -) denotes the Lo
scalar product on the interval [—1,1].

Example: Start with ap(z) = 1, a1(x) = =, az(z) = 22, ..., a,, = 2™

o qo(z) = %

o q1(z) = \/gx
o prle) = /3327~ 1).

Qo ...
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Gram-Schmidt Algorithm for Functions

The Gram-Schmidt Algorithm can be generalized for any Hilbert space.
In particular, we can apply it to functions, where (-, -) denotes the Lo
scalar product on the interval [—1,1].

Example: Start with ap(z) = 1, a1(x) = =, az(z) = 22, ..., a,, = 2™

o qo(z) = %

o q1(z) = \/gx

° ga() = \/§(3x2 —1).
°.
o gn(z) = /25 5y % (22 —1)". (Exercise)
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Legendre Polynomials

The orthogonal polynomials

Lo(x) 1 0

are called Legendre polynomials. They satisfy
2
Li L) = 50,
< ]> 2 4 1 »J

by construction.

Gauss Approximation
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Solution of Gauss’ Approximation Problem

We represent the polynomial p with respect to orthonal basis functions

qo,- -5 qn,
p(z) = Z cigqi(w) -
i=0
The coefficients ¢y, ..., ¢, can be found by substituting the orthogonal

polynomials in the optimality condition

VqGP,“ <f_p7Q>:O'
This yields
ci = (p,qi) = (f, q)

foralli e {1,...,n}.
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Summary

o Gauss' approximation problem is to find polynomials p € P,,, which
solve
min —
win £
for a given (Lo-integrable) function f.
o Gram Schmidt algorithm can be used to construct orthogonal

polynomials qq, ..., q, € P,, which satisfy
(Pirpj) = bij -

o The solution polynomial p is unique and can be written in the form

p(z) = Y1 cigi(x). Here, the coefficients ¢y, ..., ¢, are given by

Vie{0,....,n}, = {paq) ={faq) -

Gauss Approximation
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Problem Formulation

We are interested in computing integrals of the form

/abf(x)dx

for given functions f: R — R.

Numerical Integration
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Problem Formulation

We are interested in computing integrals of the form

/abf(x)dx

for given functions f: R — R.
In this lecture, we assume (for simplicity) that f is sufficiently often

differentiable.
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Integration of Polynomials

For the special case that the function f is polynomial, the integral

/abf(x)dx/abgqxidx

can be computed explicitly.

Numerical Integration
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Integration of Polynomials

For the special case that the function f is polynomial, the integral

/abf(x)dx/abgqxidm

can be computed explicitly. We find

b .
/ f(x)dx:/ Zc,x dxfzz—ijl(bi+liai+1) :

which can be evaluated with Horner's algorithm.
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Integration using Lagrange Interpolation

Since we know how to integrate polynomials, one strategy to

approximate the general integral

/abf(x)d:r

is to first approximate f by a polynomial and then use the integral over

this polynomial as an approximation for the integral over f.

Numerical Integration

7-8



Integration using Lagrange Interpolation

Since we know how to integrate polynomials, one strategy to

approximate the general integral

/abf(x)d:r

is to first approximate f by a polynomial and then use the integral over
this polynomial as an approximation for the integral over f.

One way to do this is by Lagrange interpolation. For this aim, we choose

points Zg, ..., Z, € [a,b] and compute
ple) =Y fa)Li(x) = f@) ][] P
i=0 i=0 A" J
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Newton-Cotes Formulas

An important special case of Lagrange interpolation is obtained for
equidistant points:

o Closed Newton-Cotes methods choose:

bh—
r,=a+ixH, 1=0,...,n, with H = ¢
n
o Open Newton-Cotes methods choose:
L (i+1)+H, i=0 ith 1= 2—¢
i = ? , 1=0,...,n, wi = .
* ¢ n—+2

Numerical Integration 7-10



Newton-Cotes Formulas

Using the coordinate transformation x = a + tH with ¢ € [0,n] we can

compute the Lagrange polynomials

n n

L= I “=%= ] =2

T 17—
gm0y T o T

Numerical Integration 7-11



Newton-Cotes Formulas

Using the coordinate transformation x = a + tH with ¢ € [0,n] we can

compute the Lagrange polynomials

Ry L t—j
(1) = Bt B -
Li(t) = H T — 1 H i—j

J=0,3#i 7" T =05

The so-called Newton-Cotes coefficients

/ H jdt

Jj= 0J751

can be computed “once and forever".

Numerical Integration



Newton-Cotes Formulas

Using the coordinate transformation x = a + tH with ¢ € [0,n] we can

compute the Lagrange polynomials
Ry L t—j
(1) = Bt B -
Li(t) = H T — 1 H i—j

J=0,3#i 7" T =05

The so-called Newton-Cotes coefficients

/ H jdt
Jj= 0J751

can be computed “once and forever”. The integral approximation is then

given by

b n
/ f)de ~ 3 Houf(x:)
a 1=0
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Example: Simpson’s rule

For n = 2 the coefficients of the closed Newton-Cotes methods are

-~

_ (2 t—11t=2 1
Qo Of()—fo 7f2dt—§

[=}
|
—

Numerical Integration



Example: Simpson’s rule

For n = 2 the coefficients of the closed Newton-Cotes methods are

(2 t—11t=2 1
°a0—f0010 5 dt = 3.
_ 2 t—01t=2 4
Oo‘lffo o1z dt=3-

Numerical Integration



Example: Simpson’s rule

For n = 2 the coefficients of the closed Newton-Cotes methods are

2

24142 1
° a0 = Jo =12 At = 3.
_ 2 t—01t=2 4
°oar= fy s dt =3
_ (2t—01t—1 1
°ay= [y 551 At = 3.
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Example: Simpson’s rule

For n = 2 the coefficients of the closed Newton-Cotes methods are

(2 t—11t=2 1
° a0 = Jo =12 At = 3.
_ 2 t—01t=2 4
°oar= fy s dt =3
_ (2t—01t—1 1
°ay= [y 551 At = 3.

o The corresponding approximation formula

[ 1w~ (s (450) +10)

with H = ;‘1 is called Simpson's rule.

ZZ
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Integration Error

We use the divided difference notation

flzd]l = f(z4)

ot zinn, o miin] = flwit1, Tive, - Tigrk) = flTi, Tig1, - Tipp—1] ’
Titk — T4

which is defined recursively. If ;. = x;, replace the divided difference

by the corresponding derivative of f, see Hermite interpolation.
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Integration Error

We use the divided difference notation

flzd]l = f(z4)

f[mi, Titl,. . -'Ei+k] _ f[ i+1, Li+2, ) 1+k:] f[ iy Li+1, s Li+k 1] )
Tit+k — Ti

which is defined recursively. If ;. = x;, replace the divided difference

by the corresponding derivative of f, see Hermite interpolation.
The integration error is now given by

n

b n b
/ f(z)dz — (b;a Zf(l’i)ai> :/ f[xo,...,mn,x}H(a:—acj)dx
a i=0 @

J=0
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Example

The error of Simpson’s formula is bounded by

/bf[a,a—’_b,b?x} (@ —a) (z—a;—b>(:c—b)dx

2

jl_f[aﬁm’b’aTer] a+b

)2(sz) dx

b b
= / f[%a;r,bJS 2 (mfa)<x7
- +b
" z— 2P

<0

+f [a,a;b,b,a;b} /b(za) (mf a;b>(xfb)dz

=0

/b(xa) (xa;b)Z(xb)dx‘

- 4!

(b—a)®
120
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Example

Summary: the numerical error of Simpson's formula is bounded by

(4) 5 5
maXgela,b] ‘f (‘7")‘ (b - CL) _ (b — (l) (4)
A1 120 2880 ey (@)l

The error bounds for other Newton-Cotes methods can be worked out

analogously.
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Order of Integration Formulas

Let f be a smooth function and I(f) = f; f(z)dxz. We say that an

integration formula of the form
I.(f) = Zn:aif(fi)
i=0
has order ¢ € N if there exists a constant C' < oo such that
1I(f) — I.(f)] < C max [fD(€)]|b— a|?

§€[ab]

for any ¢-times differentiable function f.
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Maximum Order of Integration Formulas

What is the maximum “order” of integration formulas of the form
b n
1) = [ f@)dem 1,(5) = S i (w7
e i=0

Can we choose the points zg, ..., 2, € [a,b] in a smart way?

Numerical Integration



Maximum Order of Integration Formulas

What is the maximum “order” of integration formulas of the form
b n
1) = [ f@)dem 1,(5) = S i (w7
e i=0

Can we choose the points zg, ..., 2, € [a,b] in a smart way?
An answer to this question was given by Gauss: the best order we can

achieve is

() = L(f)] < O ((b— a)*™™+?) .
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Maximum Order of Integration Formulas

Let us first show that m = 2n + 2 is an upper bound on the order. For

this aim, we consider the polynomial
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Maximum Order of Integration Formulas

Let us first show that m = 2n + 2 is an upper bound on the order. For

this aim, we consider the polynomial

If we had a interpolation formula with order larger than 2n + 2 it would

be exact for p(x), i.e.,

b
o:fn<p>:f<p>:/p<:c>dx 0.
N
O((b—ay2n+2)

This is a contradiction! Thus, m = 2n + 2 is an upper bound.

Numerical Integration



Gauss Quadrature Rule: Main ldea

How can we construct an interpolation formula with order 2n + 27
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Gauss Quadrature Rule: Main ldea

How can we construct an interpolation formula with order 2n + 27

In the following, we use the devided difference notation

n n
1
1=0 J=0,j#i
The interpolation based integration formula for 2n + 2 points,
L0y -y Try Tntls-- -, Tont1 CAN Now be written as
2n+1 pi—1
L (f) = Z f[xo,...,a:i]/ (x —zj)dx
i=0 @ j=0
2n+1 pi—1

Z flzoy -2 /Hx—a:J dz

i=n+1
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Gauss Quadrature Rule: Main ldea

The integral term in the equation

2n+1 pi—1

buni(f) = L)+ S f[xo,...,xi]/ [[@-a;)de
i=n+1 @ j=0
can be written in the form
pi—1 n 1—1
/Hx—x] :/Hx—:c] H(x—x])dx
7=0 j=n+1
EP71+1 EPn
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Gauss Quadrature Rule: Main ldea

The integral term in the equation

2n+1 pi—1

Ini(f) = L(f)+ Z flzo, ... 7xi]/ (z —xj)dz
i=n+1 @ j=0

can be written in the form

pi—1 i—1

/Hx—xj dzL—/H(x—:cj) H(x—xj)d:v.
a a ;=0 j=n+1
EP71+1 EPn

Thus, if we succeed in choosing xg, ..., , such that

b n
/Hm—xj x)de =0 forall g€ P, ,

we would have I, +1(f) = I.(f)-
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Gauss Quadrature Rule: Main ldea

Let us assume a = —1 and b = 1. The main idea is to choose the points

o, 1, ...,T, such that we have
Lypyi(zi) =0

with L, ;1 being the (n 4 1)-th Legendre polynomial we must have

1 n
/ H(x—xj)q(x)dx:O forall g€ P, ,
,1]_70

————
NL71+1($)

since L, is by construction orthogonal on P,.
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Roots of the Legendre Polynomials

Theorem:
The Legendre polynomial L, 41 has n + 1 distinct real roots on the

interval [—1,1].
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Roots of the Legendre Polynomials

Theorem:
The Legendre polynomial L, 41 has n + 1 distinct real roots on the
interval [—1,1].

Proof: We define the set
S={xe(-1,1)| Ais a real root of L, 41 with odd multiplicity}

and the polynomial q(z) = [ cg(7 — ).
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Roots of the Legendre Polynomials

Theorem:
The Legendre polynomial L, 41 has n + 1 distinct real roots on the
interval [—1,1].

Proof: We define the set
S={xe(-1,1)| Ais a real root of L, 41 with odd multiplicity}

and the polynomial q(z) = [[,cg( — A). Now, the polynomial

q(z) - Ly41(x) must be either positive or negative; that is,

<Qv L7z+1> #0.

For |S| < m + 1 this is a contradiction to ¢ L L.
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Gauss Quadrature

If xg,...,z, are the n + 1 roots of the Legendre polynomial L,,;1 on

the interval [a, b], then the corresponding quadrature formula
In(f) = Z%’f@(l’i)
i=0

with o; = f: H?:O}j# % dt has order 2n + 2, i.e.,

[I(f) = I(f)] < O ((a —b)*"*?) .
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Example

For the case n = 1, the Legendre polynomial Ly(z) = 3(3z% — 1) has

the roots

1
Z1,2 =+ g

Thus, the first Gauss quadrature formula is given by

/_11f(af)dx ~ f(—ﬁ) +f(\/§> 7

which is exact for polynomials of order less or equal than 2n + 1 = 3.
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Summary

o The main idea of numerical integration is to first approximate the

function f with a polynomial p and then integrate the polynomial.

o For equidistant interpolation points, we obtain the so-called Newton
Codes formulas. The coefficients o; = [ [1j_¢ j = dt can be
worked out “once and forever".

o The maximum order of polynomial interpolation based integration

schemes is 2n + 2 (for n + 1 evaluation points). This order can be

achieved by using Gauss quadrature rules.
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Problem Formulation

Given a function f : R™ — R™ we are searching for solutions of the

nonlinear equation
flx)=0.

Examples:
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Problem Formulation

Given a function f : R™ — R™ we are searching for solutions of the

nonlinear equation
flx)=0.
Examples:

o For f(x) = Ax — b this amounts to solving a linear equation system,
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Problem Formulation

Given a function f : R™ — R™ we are searching for solutions of the

nonlinear equation
flx)=0.
Examples:

o For f(x) = Ax — b this amounts to solving a linear equation system,

o For f(x) = 22 4+ 1: no solution can be found,
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Problem Formulation

Given a function f : R™ — R™ we are searching for solutions of the

nonlinear equation
fla)=0.
Examples:
o For f(x) = Ax — b this amounts to solving a linear equation system,
o For f(x) = 2% + 1: no solution can be found,

o For f(z) = 23 — z: three solutions exist.

Newton's Method
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o Newton's method
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Main Ildea

In order to solve the nonlinear equation f(x), we start with an initial

guess o and solve the linear equation systems
flag) + M(xg)(zp41 — ) =0,

for k € {0,1,2,...}.
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Main Ildea

In order to solve the nonlinear equation f(x), we start with an initial

guess o and solve the linear equation systems
flag) + M(xg)(zp41 — ) =0,

for k € {0,1,2,...}. Here, the matrix M (xy) € R™*" is chosen in such

a way that
flar) + M(ze)(z — x) = f(2)

is an approximation of the function f.

8-9
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Main Ildea

In order to solve the nonlinear equation f(x), we start with an initial

guess o and solve the linear equation systems
flag) + M(xg)(zp41 — ) =0,

for k € {0,1,2,...}. Here, the matrix M (xy) € R™*" is chosen in such
a way that
fxy) + M(zp)(x —ax) = f(2)

is an approximation of the function f. For example, if f is differentiable,
we might choose M (zy) = f'(xx), which corresponds to the so called

Newton method.
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Newton (or Newton-type) method

If the matrix M (xy) is invertible, the method can also be written in the

form

Tpir =z — M ()~ flan)

for k € {0,1,2,...}.
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Newton (or Newton-type) method

If the matrix M (xy) is invertible, the method can also be written in the

form

Th1 = xp — M () 7' f2k)
for k € {0,1,2,...}.

o In practice, we usually work with approximations M (xy) = f'(z).
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Newton (or Newton-type) method

If the matrix M (xy) is invertible, the method can also be written in the

form

g1 = xx — M(ze) 7 flzr)
for k € {0,1,2,...}.
o In practice, we usually work with approximations M (xy) = f'(z).

o If M(xy) is independent of z, we only need to decompose M once

(e.g., using LR or QR decomposition)
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Newton (or Newton-type) method

If the matrix M (xy) is invertible, the method can also be written in the

form
Tppr =z — M () f(a)
for k € {0,1,2,...}.
o In practice, we usually work with approximations M (xy) = f'(z).

o If M(xy) is independent of z, we only need to decompose M once

(e.g., using LR or QR decomposition)

o Some methods try to update M at every step withough re-computing

the Jacobian.
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Scaling Properties

If 2* satisfies f(z*) = 0 it also satisfies S - f(z*) = 0, where S € R"*"

can be any (invertible) scaling matrix.
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Scaling Properties

If 2* satisfies f(z*) = 0 it also satisfies S - f(z*) = 0, where S € R"*"
can be any (invertible) scaling matrix. If we apply the above recursion to

the scaled equation

~

f@) =5 fx)=0

we obtain the iterates zx,1 = 2 — M(x)~1S - f(x}), which do in

general not coincide with the iterates that are obtained without scaling

f.
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Scaling Properties

If 2* satisfies f(z*) = 0 it also satisfies S - f(z*) = 0, where S € R"*"
can be any (invertible) scaling matrix. If we apply the above recursion to

the scaled equation

~

f@) =5 fx)=0

we obtain the iterates zx,1 = 2 — M(x)~1S - f(x}), which do in
general not coincide with the iterates that are obtained without scaling

f. However, if we use exact Jacobians, we have
M(zy) = f'(x) =S - f'(x) = T =z — f(zR) " () -

This implies that Newton's methods with exact Jacobians is invariant

under scaling.

Newton's Method
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Local Convergence Analysis
Assumptions:
o There exists a point z* with f(z*) = 0.
o The point x is already in a small neighborhood of z*.

o The scaled Jacobian matrix M (z;)~!f’(z) is Lipschitz continuous

w.r.t. x in a neighborhood of z* with Lipschitz constant w > 0.
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Local Convergence Analysis

Assumptions:
o There exists a point z* with f(z*) = 0.
o The point x is already in a small neighborhood of z*.

o The scaled Jacobian matrix M (z;)~!f’(z) is Lipschitz continuous

w.r.t. x in a neighborhood of z* with Lipschitz constant w > 0.
The basic idea is to estimate the distance of the iterates to z*:

[#p1 — 2|

= Hsck —x* - M(xk)_lf(xk)’|

= ka —a* — M(zp) 7t fol J(z* + s(xp — %)) (zg — x*)dsH

< ka —a* — M(x) Y (zr) (25, — %)

2
|+ & Ml — 2]l -

Newton's Method
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Local Convergence Analysis

In summary, we find the estimate

w 2
[2rs1 = 27l < kllow — 2™ + 5 llee —27l3 -

as long as ||[I — M (zx) " J(zx)]| < &.

Newton's Method
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Local Convergence Analysis

In summary, we find the estimate
w
ek = o) < & llaw = o + 3 llae =273 -

as long as ||[I — M (xx) "' J(xx)|| < k. Here, £ can be interpreted as a

bound on the accuracy of the Jacobian approximation M.

Newton's Method
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Local Convergence Analysis

In summary, we find the estimate
w
ek = o) < & llaw = o + 3 llae =273 -

as long as ||[I — M (xx) "' J(xx)|| < k. Here, £ can be interpreted as a
bound on the accuracy of the Jacobian approximation M. If we have
k< 1and |lzo — 2*|| < 2(1 — k) the iterates contract and we have

lim 2, — z*.
k—o0
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Convergence Rate

The convergence rate estimate
w
lzksr =2l < wllak = ) + 5 llax =275 -

implies that
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Convergence Rate
The convergence rate estimate
w
lzksr =2l < wllak = ) + 5 llax =275 -

implies that

o if we have k # 0 the convergence rate is in general linear.
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Convergence Rate

The convergence rate estimate
w
lzksr =2l < wllak = ) + 5 llax =275 -

implies that
o if we have k # 0 the convergence rate is in general linear.

o if we choose M(z)) = J(x)) (Newton's method), we have x = 0 and
* w *
e e T

In this case, the convergence rate is called quadratic. (the number of

correct internal decimal places roughly doubles in every step).
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Degeneracy Handling

If the exact Jacobian J(x*) is singular (has eigenvalues that are equal to
zero), Newton's method is not applicable, since the matrices J(xy)

converge to a singular matrix that cannot be inverted.
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Degeneracy Handling

If the exact Jacobian J(x*) is singular (has eigenvalues that are equal to
zero), Newton's method is not applicable, since the matrices J(xy)
converge to a singular matrix that cannot be inverted.

If the matrix M (xy) is chosen in such a way that the convergence
condition

|1 = M (x) " ()] < 1

is maintained. This is possible even if J is singular, although special care

has to be taken, if M is ill-conditioned.

Newton's Method 8-28



Degeneracy Handling

If the exact Jacobian J(x*) is singular (has eigenvalues that are equal to
zero), Newton's method is not applicable, since the matrices J(xy)
converge to a singular matrix that cannot be inverted.

If the matrix M (xy) is chosen in such a way that the convergence
condition

|1 = M (x) " ()] < 1

is maintained. This is possible even if J is singular, although special care

has to be taken, if M is ill-conditioned. If we choose M such that
|17 = M(2x) " I (k) || < O(llar — 27|)

a (locally) quadratic convergence rate can be recovered.
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Nonlinear Least-Squares Problems

The unconstrained nonlinear least-squares problem is given by

min | (x)]3 -

Newton's Method
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Nonlinear Least-Squares Problems

The unconstrained nonlinear least-squares problem is given by

min | (x)]3 -

o If we can find a z* € R™ with f(z*) = 0, then z* is minimizer of the

above problem.
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Nonlinear Least-Squares Problems

The unconstrained nonlinear least-squares problem is given by

min | (x)]3 -

o If we can find a z* € R™ with f(z*) = 0, then z* is minimizer of the
above problem.
o For f(x) = Ax — b this problem is a least-squares problem in standard

form.

8-33
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Nonlinear Least-Squares Problems

The unconstrained nonlinear least-squares problem is given by

min | (x)]3 -

o If we can find a z* € R™ with f(z*) = 0, then z* is minimizer of the

above problem.

o For f(x) = Ax — b this problem is a least-squares problem in standard

form.

o Makes sense for any function f : R™ — R™ with m # n in general.
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Unconstrained Optimization Problems

An even more general class of problems are the unconstrained
optimization problems

min F(z) .

x

Newton's Method
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Unconstrained Optimization Problems

An even more general class of problems are the unconstrained

optimization problems

min F(z) .

xr
This contains the nonlinear least-squares problems as a special case,

since we can choose F(x) = Hf(x)||§

Newton's Method
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Unconstrained Optimization Problems

An even more general class of problems are the unconstrained

optimization problems

min F(z) .

xr
This contains the nonlinear least-squares problems as a special case,
since we can choose F(x) = Hf(x)||§
If F'is twice Lipschitz-continuously differentiable, a minimizer can be

found by applying Newton's method to
F'(z)=0
If a solution z* satisfies F/(x) > 0, it must be a local minimizer.
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Newton-Type Methods for Optimization

In detail, Newton-type methods for unconstrained optimization problems

can be written in the form
-1 T
Tk+1 = Tk —M(.Ik) F/(Ik) )

where M (z) =~ F"(xy,) is a suitable Hessian approximation.
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Newton-Type Methods for Optimization

In detail, Newton-type methods for unconstrained optimization problems

can be written in the form
-1 T
Tk+1 = Tk —M(.Ik) F/(Ik) )

where M (z) =~ F"(xy,) is a suitable Hessian approximation.

o In practice, we often choose a symmetric Hessian approximation M,

since F" is symmetric.
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Newton-Type Methods for Optimization

In detail, Newton-type methods for unconstrained optimization problems

can be written in the form
-1 T
Tk+1 = Tk —M(.Ik) F/(Ik) )

where M (z) =~ F"(xy,) is a suitable Hessian approximation.

o In practice, we often choose a symmetric Hessian approximation M,
since F" is symmetric.

o If M(zy) is symmetric and positive definite, the iterate x4 is the
minimizer of the quadratic function

. 1
min F(z)+F (@) @ —a)+ 5 (@ — k)" M () (@1 — )
+1

which can be interpreted as a quadratic model of F.
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Line Search Methods

So far, we have only analyzed the local convergence properties of
Newton-type methods. If we start far from a local solution, Newton type

methods are often take “too big"” steps and are divergent.
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Line Search Methods

So far, we have only analyzed the local convergence properties of
Newton-type methods. If we start far from a local solution, Newton type
methods are often take “too big"” steps and are divergent.

One way to fix this problem is to first compute a step-direction by solving
1
CICII}E} F(xy) + F’(xk.)Axk. + iAng(xk)Axk ,

and update the iterate as

Tpt1 = Tk + apAzy .
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Line Search Methods

So far, we have only analyzed the local convergence properties of
Newton-type methods. If we start far from a local solution, Newton type
methods are often take “too big"” steps and are divergent.

One way to fix this problem is to first compute a step-direction by solving

1
min F(zy) + F'(zg) Az + iAargM(xk)Axk. ,

Tr4+1
and update the iterate as
Tpt1 = Tk + apAzy .
Here, ay, € (0,1] is a so-called line-search parameter, which is found by

(approximately) solving the scalar optimization problem

min  F(z + apAzy) .
Oéke[o,].]
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Armijo Line Search Conditions

In practice the line search optimization problem
min _ F(zy + apAxyg) .

o €[0,1]

is not solved exactly (too expensive), but only approximately.
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Armijo Line Search Conditions

In practice the line search optimization problem

min _ F(zy + apAxyg) .
aR€[0,1]

is not solved exactly (too expensive), but only approximately.
One way to implement this is by using back-tracking until the Armijo

condition

F(xg + apAxy) < F(zg) + capF' (xp) Azy,

for a constant ¢ < 1 is satisfied. This condition ensures that the line
search parameter is not excessively large, although it is not sufficient to

prove convergence in general.
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Armijo Line Search Conditions

If we substitute Axy, = —M (zx) ' F'(x1)T the Armijo line search

condition can alternatively be written in the form
F(xp 4 apAxy) < F(xy) — cop F' (zp) M (zg) " F (a) .

Thus, if M is positive definite, the Armijo condition ensures that we get
a strict descent of the objective function whenever we apply a (damped)

Newton step.
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Armijo Line Search Conditions

If we substitute Axy, = —M (zx) ' F'(x1)T the Armijo line search

condition can alternatively be written in the form
F(xp 4 apAxy) < F(xy) — cop F' (zp) M (zg) " F (a) .

Thus, if M is positive definite, the Armijo condition ensures that we get
a strict descent of the objective function whenever we apply a (damped)
Newton step.

Positive definite approximations M in combination with Armijo line

search work extremely well in practice, but other variants exist.

Newton's Method 8-48



Chapter 9

Gauss-Newton Methods

358



IMS 1426

Gauss-Newton Methods

o Problem Formulation

o Gauss-Newton Methods

o Local Convergence Analysis

Boris Houska

IMS, ShanghaiTech



o Problem Formulation

Gauss-Newton Methods

Contents

9-2



Problem Formulation

Given a function f : R™ — R™ we are searching for solutions of the

nonlinear least-squares problem
1 2
min 2 [I£(2)]3

Examples:
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Problem Formulation

Given a function f : R™ — R™ we are searching for solutions of the

nonlinear least-squares problem

1 2
min - || f(@)]}
Examples:

o For f(xz) = Ax — b this amounts to solving a standard least-squares

problem,
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Problem Formulation

Given a function f : R™ — R™ we are searching for solutions of the

nonlinear least-squares problem
1 2
min 2 [I£(2)]3

Examples:

o For f(xz) = Ax — b this amounts to solving a standard least-squares

problem,

o If we want to estimate the parameters = of a nonlinear model

h:R™ — R™ from given measurements, we often set
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Gauss-Newton method

In order to solve the nonlinear least-squares optimization problem f(z),
we start with an initial guess ¢ and solve the standard least-squares
problem

1
min 5 [/ (@e) + £ (@) Azl |

and update xy 1 = x, + apAxy for k € {0,1,2,...}, where o, € (0,1]

is a line search parameter.
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Gauss-Newton method

In order to solve the nonlinear least-squares optimization problem f(z),
we start with an initial guess ¢ and solve the standard least-squares

problem

1
min 5 [/ (@e) + £ (@) Azl |

and update xy 1 = x, + apAxy for k € {0,1,2,...}, where o, € (0,1]
is a line search parameter.
If the Jacobian matrix f’(xzy) has full-rank, the step direction can

alternatively be written in the form

Az == (f' ()" f () F (0n) " f () -
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Interpretation as Newton-type methods

If we apply a Newton-type method to solve the minimization problem
. . 1 2
min F(z)  with  F(z) = 5 £
xr
we obtain a step direction of the form

Axy = =M (x) " F ()" = =M (x) " (ex) T f ) -

Thus, Gauss-Newton methods are special class of Newton type methods

which employ the Hessian approximation

F'"(xy) = M(z) = f'(z1)T f/ (z1) .
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Properties of Gauss-Newton Hessian approximations

The exact Hessian matrix is given by

F"(x) = f" ()" flae) + Fan) T f (@r) = £ (@0)" f(@r) + M () -
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Properties of Gauss-Newton Hessian approximations

The exact Hessian matrix is given by

F"(x) = f" ()" flae) + Fan) T f (@r) = £ (@0)" f(@r) + M () -

o The approximation error f” ()" f(z) is small if either the residuum

f(xg) or the second derivative f”(xzy) is small.
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Properties of Gauss-Newton Hessian approximations

The exact Hessian matrix is given by

F"(x) = f" ()" flae) + Fan) T f (@r) = £ (@0)" f(@r) + M () -

o The approximation error f” ()" f(z) is small if either the residuum

f(xg) or the second derivative f”(xzy) is small.

o The Gauss-Newton Hessian approximation M () = f/(x1)T f'(x1) is

always positive semi-define.
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Properties of Gauss-Newton Hessian approximations

The exact Hessian matrix is given by

F"(x) = f" ()" flae) + Fan) T f (@r) = £ (@0)" f(@r) + M () -

o The approximation error f” ()" f(z) is small if either the residuum

f(xg) or the second derivative f”(xzy) is small.

o The Gauss-Newton Hessian approximation M () = f/(x1)T f'(x1) is

always positive semi-define.

o Similar to exact Newton methods, Gauss-Newton methods are

invariant under scaling.
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Properties of Gauss-Newton Hessian approximations

The exact Hessian matrix is given by

F"(x) = f" ()" flae) + Fan) T f (@r) = £ (@0)" f(@r) + M () -

o The approximation error f” ()" f(z) is small if either the residuum
f(xg) or the second derivative f”(xzy) is small.

o The Gauss-Newton Hessian approximation M () = f/(x1)T f'(x1) is
always positive semi-define.

o Similar to exact Newton methods, Gauss-Newton methods are

invariant under scaling.

o M(xy) depends on first order derivatives only.
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Local Convergence Analysis

As Gauss-Newton methods are special Newton-type methods the local

convergence bound has the form
w
241 = 2"l < e =27 + 5 llow — 25
where

[ = M ()" F" () || < [|M () L) 1 ()] < w
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Local Convergence Analysis

As Gauss-Newton methods are special Newton-type methods the local

convergence bound has the form
w
241 = 2"l < e =27 + 5 llow — 25
where

[ = M ()" F" () || < [|M () L) 1 ()] < w

o If we have f”(x) =0, the method converges in one step.
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Local Convergence Analysis

As Gauss-Newton methods are special Newton-type methods the local

convergence bound has the form
w
241 = 2"l < e =27 + 5 llow — 25
where

[ = M ()" F" () || < [|M () L) 1 ()] < w

o If we have f”(x) =0, the method converges in one step.
o If we have f(z*) = 0 at the limit point 2*, we have

k< O(lay — o)

and the method converges with locally quadratic rate.

Gauss-Newton Methods
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Problem Formulation

The focus of this lecture is on ordinary differential equations (ODEs),

Yt € [0, T, (t) = f(t,z(t)) with 2(0) ==z .

Here, z : [0,T] — R™ is the state trajectory.
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Problem Formulation

The focus of this lecture is on ordinary differential equations (ODEs),
Yt € [0, T, (t) = f(t,z(t)) with 2(0) ==z .

Here, z : [0,T] — R™ is the state trajectory.

Assumptions:

o The function f : R x R™ — R™ may be nonlinear.
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Problem Formulation

The focus of this lecture is on ordinary differential equations (ODEs),
Yt € [0, T, (t) = f(t,z(t)) with 2(0) ==z .

Here, z : [0,T] — R™ is the state trajectory.

Assumptions:

o The function f : R x R™ — R™ may be nonlinear.

o The initial value =g € R™ is given.
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Explicit solution

o In general: no explicit solution possible

o But it some special cases, we can solve the nonlinear differential

equation by using the concept of separation of variables.
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Explicit solution

o In general: no explicit solution possible

o But it some special cases, we can solve the nonlinear differential
equation by using the concept of separation of variables.

Seperation of variables:

o Assumption: f is scalar separable; that is,

ft,z) = fi(z) f2(t) -
o Strategy: integrate the equation

at)  _
fl(x(t)) - fQ(t) )

with respect to ¢ on both sides and eliminate ().

Nonlinear Differential Equations 10-7



Example: quadratic differential equation

Nonlinear ODE:

() = —2%(t) with 2(0)=1.

Nonlinear Differential Equations
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Example: quadratic differential equation

Nonlinear ODE:

@(t) = —2%(t) with

Separation of variables:

Nonlinear Differential Equations

z(0)=1
BRI S
z(t)  x2(0)
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Example: quadratic differential equation

Nonlinear ODE:
() = —2%(t) with 2(0)=1.

Separation of variables:

x(t) -1 in*g;te 1

x(t)= —— forall t>0.
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Example: Gauss’ differential equation

ODE:
#(t) = —tz(t) with z(0)=1.
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Example: Gauss’ differential equation

ODE:
#(t) = —tz(t) with z(0)=1.

Separation of variables:

ot = loslel) =5
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Example: Gauss’ differential equation

ODE:
#(t) = —tz(t) with z(0)=1.

Separation of variables:

&) _ _
-t = log(x()) = — 5t
Elimination of z(t):
x(t) = e ,
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Integral Form

The ordinary differential equation (ODE)
vt € [0,T], z(t) = f(x(t)) with z(0) =0 .
can be equivalently be written in its integral form

vt €10, T, z(t) = xo + /Of(x(s))ds .

Nonlinear Differential Equations 10-15



Lipschitz continuity

Recall:

o A function f: R™ — R" is called (globally) Lipschitz continuous, if

there exist a constant L < oo with

Ve,yeR,  |[f(@) = fW)ll < Lz —yll -
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Existence and Uniqueness

Theorem (Picard-Lindelof):

o If f is globally Lipschitz continuous, the ODE has a unique solution.
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Existence and Uniqueness

Theorem (Picard-Lindelof):

o If f is globally Lipschitz continuous, the ODE has a unique solution.

Proof: (main idea, rough sketch only)

1) Start with any continuous function y; : [0,7] — R and iterate

¢
Yir1(t) = xo +/O flyi(s))ds [Picard iteration]
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Existence and Uniqueness

Theorem (Picard-Lindelof):

o If f is globally Lipschitz continuous, the ODE has a unique solution.

Proof: (main idea, rough sketch only)

1) Start with any continuous function y; : [0,7] — R and iterate

¢
Yir1(t) = xo +/O flyi(s))ds [Picard iteration]

2) Show that y1,¥2,ys,... is a Cauchy sequence, y* = limy_ 00 ¥;-
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Existence and Uniqueness

Theorem (Picard-Lindelof):

o If f is globally Lipschitz continuous, the ODE has a unique solution.

Proof: (main idea, rough sketch only)

1) Start with any continuous function y; : [0,7] — R and iterate

¢
Yir1(t) = xo +/O flyi(s))ds [Picard iteration]

2) Show that y1,¥2,ys,... is a Cauchy sequence, y* = limy_ 00 ¥;-

3) Conclude that the (unique) limit point y* satisfies the ODE.
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Some technical details

o Define A(t) = max,¢jo4 [y2(s) — y1(s)].
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Some technical details

o Define A(t) = max,¢jo4 [y2(s) — y1(s)].

o I [y () = wi(t)] < LELEA(), then

ira® =y ()] < L] fy [poa(r) = wa(7)] dr
< JeLUBIIAMdr = CBEA() .
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Some technical details

o Define A(t) = max,¢jo4 [y2(s) — y1(s)].

o I [y () = wi(t)] < LELEA(), then

ira® =y ()] < L] fy [poa(r) = wa(7)] dr
< JeLUBIIAMdr = CBEA() .
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Some technical details

o Define A(t) = max,¢jo4 [y2(s) — y1(s)].

o I [y () = wi(t)] < LELEA(), then

ira® =y ()] < L] fy [poa(r) = wa(7)] dr
< Jy G A@ar = HEAw

o Thus, we have

S i () — wi@)] < S YR AR)

< ULl

IN

[Yn(t) — Ym (t)]

i.e., (yx) is a Cauchy sequence.
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Example: Linear ODEs

o Linear ODE: &(t) = Axz(t), A € R™*", with z(0) = 27 € R".
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Example: Linear ODEs

o Linear ODE: &(t) = Axz(t), A € R™*", with z(0) = 27 € R".

o Picard iteration:

yi(t) = o
Y2 (t) = x0+ tAxg
ys(t) = wo+tAxo+ %Azﬂio
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Example: Linear ODEs

o Linear ODE: &(t) = Axz(t), A € R™*", with z(0) = 27 € R".

o Picard iteration:

yi(t) = o
Y2 (t) = x0+ tAxg
ys(t) = wo+tAxo+ %Azﬂio

o Take the limit to get explicit solution

> 1
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Examples for nonlinear ODEs

o The ODE #(t) = x(t)?, with 2(0) = 1 has the explicit solution

1
x(t)z—t for t<1
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Examples for nonlinear ODEs

o The ODE #(t) = x(t)?, with 2(0) = 1 has the explicit solution
1
x(t)z—t for t<1

Why does the solution not exist for ¢t > 17
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Examples for nonlinear ODEs

o The ODE #(t) = x(t)?, with 2(0) = 1 has the explicit solution
1
x(t)z—t for t<1

Why does the solution not exist for ¢t > 17

o The ODE #(t) = 24/, with 2(0) = 0 has more than one solution,
for example z(t) =0 and z(t) =t>.

Why is there more than one solution?
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Gronwall’s Lemma

Let f be globally Lipschitz continuous and

Then we have

lz(t) — z(@t)|| < llwo — zolle™ .
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Proof of Gronwall’'s Lemma

Main idea: start the Picard iteration
t
pea®) =20+ [ Fls)ds st () =),
0
The first iteration is given by
t
y2(t) = 2o Jr/ f(z(s))ds = z(t) + [20 — xo] = z(t) + e1(t)
0
with

eat) = g)—zt) and fea@)] < lzo— 2l
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Proof of Gronwall’'s Lemma

1. Use the first iteration as induction start (previous slide).
2. The induction assumption is that
Yet1(t) = x(t) +ex(t)

k—1
and lex ()]

IN

[l

3. Induction step: set ej41(t) = yr42(t) — x(t) and work out

leera @l = ||0 + / Fla(s) + euls >>ds—x<t>H

IN

||wo—zo||+H / F((s) + enls)) — Fla(s) ds
tk 1 Liti
[ Y e — 2oll - 2

LZ 7 ‘| k
i=0 i=0

IN

lzo — 2ol
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Proof of Gronwall’'s Lemma
Summary:

o We know that the Picard iteration

Ye+1(t) = 20 +/O flye(s))ds at yi(t) = «(¢) .

converges and the limit is given by

lim g (t) = 2(t)

k—o0

o The corresponding error is bounded by

l2(t) =@l = lm [y(t) —2(@)l] = lm [lep—i(@)l]
—00 k— o0
= Lt
< Jlzo — 20| Z T lzo — zole™* . (3)
i=0
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Conditioning of Differential Equations

o The factor e’* can be interpreted as a global upper bound on the

condition number of a differential equation
o In general, for large t, predictions are impossible: “butterfly effect”.

o BUT: Gronwall's lemma has no information about the stability

properties of the differential equation

o For some differential equations, a local analysis yields better bounds

and potentially indicates local stability
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First Order Variational Analysis

o Consider the differential equations
z(t) = f(z(t)) with x(0) = g
2(t) = f(2(t)) with 2(0) = zg

for a continuously differentiable right-hand f.

o The linear matrix differential equation

X(t):%){(t) with X(0) =1

is called the first order variational differential equation.

o It yields the first order Taylor approximation
z(t) = z(t) + X (t)(z0 — zo) + 0 (||z0 — wol|)

Unfortunately: in general only valid for finite t <T < oo !

Nonlinear Differential Equations
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Details

Introduce the shorthands

e(t) = 2(t) — 2(t) — X(t)(20 — m0) and  A(t) = w
We have
ét) = f(=(t) — f(z(t)) — X () (20 — w0)
= A(t)e(t) +o(lle®)) + o(|X ®)l[|zo — 20l
with e(0) = 0.

We can use a Picard iteration (or variant of Gronwall's lemma) to show

that |le(t)]| = o(||xo — 20]|) for all t < T < co. (Exercise!)
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Steady-States

A point oy € R™ is called a steady-state (or critical point) of f if

f(])o) =0.

If f is continuously differentiable, the ODE
2(t) = f(z(t)) with z(0) = 2o

can be analyzed in a local neighborhood of zy. We have

_8f(x0) _ At _ — 1 i
A= B and X(t)=e _;E(tA)'
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Local Stability Analysis

o If the eigenvalues of A have all strictly negative real parts, then

lim e = 0.
t—o0

o In this case, we have

vt €[0,00), 2(t) = ez + o(]|20]]) and lim z(t) =0

t—o0

for sufficiently small ||zg]|. This implies local asymptotic stability.

o A similar local stability analysis via first order variational analysis is

possible in the neighborhood of periodic orbits (Floquet theory).
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Contents

o Taylor-Model Based Integrators
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Taylor expansion of ODEs

A Taylor expansion of the solution x(¢) can be constructed recursively:

Q Jf(to) = X0
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Taylor expansion of ODEs

A Taylor expansion of the solution x(¢) can be constructed recursively:
Q Jf(to) = X0

o i(to) = f(to,zo)
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Taylor expansion of ODEs

A Taylor expansion of the solution x(¢) can be constructed recursively:
Q Jf(to) = X0

o i(to) = f(to,zo)

o i(to) = %f(ﬂﬂﬂ)’tzto = fi(to, o) + fz(to, o) f(to, o)
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Taylor expansion of ODEs

A Taylor expansion of the solution x(¢) can be constructed recursively:
Q Jf(to) = X0

o i(to) = f(to,zo)

o i(to) = %f(ﬂﬂﬂ)’tzto = fi(to, o) + fz(to, o) f(to, o)
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Taylor expansion of ODEs

A Taylor expansion of the solution x(¢) can be constructed recursively:
Q Jf(to) = X0
Qo x'(to) = f(t0,$0)

o i(to) = %f(ﬂﬂﬂ)’tzto = fi(to, o) + fz(to, o) f(to, o)

o and soon ...
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Taylor expansion of ODEs

A Taylor expansion of the solution x(¢) can be constructed recursively:
o x(tg) = xo

o &(to) = f(to, o)

o i(tg) = %f(ﬂﬂﬂ)’tzto = fi(to, zo) + fz(to, zo0) f(to; zo)

o and soon ...

o Finally, z(t) =

2o + f(to,m0)(t — to) + L2 (£, (to, @0) + fu(to, 0) f (to, 0)] + ...

for small ¢.
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Taylor expansion of ODEs

A general Taylor expansion can be computed by consecutive

differentiation:

1. Set ¢o(t,z) = x.
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Taylor expansion of ODEs

A general Taylor expansion can be computed by consecutive

differentiation:
1. Set ¢o(t,z) = x.
2. Forr=0:s—1
set ¢ri1(t,2) = (500 (t,2)) + (F0r(t,2)) f(t,2).
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Taylor expansion of ODEs

A general Taylor expansion can be computed by consecutive

differentiation:
1. Set ¢o(t,z) = x.
2. Forr=0:s—1
set ¢ri1(t,2) = (500 (t,2)) + (F0r(t,2)) f(t,2).

3. Return the Taylor expansion

#(t) = Y 70ult0,20)(t — to) + O((t — 1))

i=0

Nonlinear Differential Equations
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Integration Algorithm (Constant Step-Size)

Input:
o The right-hand side function f and an initial value zy.

o Order s and constant step-size h = T/N; set i = 0 and yo = zo.
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Integration Algorithm (Constant Step-Size)
Input:
o The right-hand side function f and an initial value zy.
o Order s and constant step-size h = T/N; set i = 0 and yo = zo.
Repeat: (until i = N)
o Compute yit1 = 1, %q&k(ti,yi)hk

o Compute t;41 =t; +h and set ¢ < i + 1.
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Integration Algorithm (Constant Step-Size)
Input:
o The right-hand side function f and an initial value zy.
o Order s and constant step-size h = T/N; set i = 0 and yo = zo.
Repeat: (until i = N)
o Compute yit1 = 1, %q&k(ti,yi)hk

o Compute t;41 =t; +h and set ¢ < i + 1.

Theorem:
o If f is globally Lipschitz continuous and smooth, then

Vie{0,...,N}, i =a(t)+O(R).
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Proof (main idea)

1. Since f is globally Lipschitz, the solution x of the ODE exists.
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Proof (main idea)

1. Since f is globally Lipschitz, the solution x of the ODE exists.

2. Since f is smooth, the functions ¢q, ¢1, ..., ¢s are smooth, too.
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Proof (main idea)

1. Since f is globally Lipschitz, the solution x of the ODE exists.
2. Since f is smooth, the functions ¢q, ¢1, ..., ¢s are smooth, too.

3. We already know that z(t) = "7 _o #0k(z0)h* + O(h*T1).
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Proof (main idea)

1. Since f is globally Lipschitz, the solution x of the ODE exists.
2. Since f is smooth, the functions ¢q, ¢1, ..., ¢s are smooth, too.
3. We already know that z(t) = "7 _o #0k(z0)h* + O(h*T1).

4. Show by induction (use Gronwall's lemma for a clean proof) that

y; = x(ih) +1i- O(h*TY) = x(ih) + % -O(h*Th) = x(ih) + O(h®).
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Proof (main idea)

1. Since f is globally Lipschitz, the solution x of the ODE exists.
2. Since f is smooth, the functions ¢q, ¢1, ..., ¢s are smooth, too.
3. We already know that z(t) = "7 _o #0k(z0)h* + O(h*T1).

4. Show by induction (use Gronwall's lemma for a clean proof) that

y; = x(ih) +1i- O(h*TY) = x(ih) + % -O(h*Th) = x(ih) + O(h®).

The integer s is called the convergence order of the integrator.
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Contents

o Runge-Kutta Integrators
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Limitations of Taylor model based integrators

1. Taylor model based intgration is easy to implement, but

o we need to evaluate derivatives of f

o it is not the most efficient scheme for obtaining convergence order s.
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Limitations of Taylor model based integrators

1. Taylor model based intgration is easy to implement, but

o we need to evaluate derivatives of f

o it is not the most efficient scheme for obtaining convergence order s.
2. Runge-Kutta integrators compute an approximation y ~ z(h) by

evaluating f at more than one point, but don’t evaluate derivatives.
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Explicit Runge Kutta method (constant step-size)

Initialization:

o Set h=T/N, ty=0,i=0, and yo = zp.

Repeat: (until i = N)

o Compute t;41 =t; + h.

o Compute k. = f(t; + hyr,y; + Z;;l hay jkj) forr=1,...,s.
o Setyit1=y; +h> o_, Brky and then i + i+ 1.

Output:

o Time grid [t1,t2,...,tN] and state trajectory yo, y1,¥y2,-- -, YN-
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Consistency conditions

Main idea:

o Choose the coefficients ;. ;, 3;, and 7, such that

0" Yit1

vre{l,...,q}, D
h=0

Nonlinear Differential Equations

= (I)r(yi) .
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Example 1: Euler’s method

o For s =1, the Runge-Kutta method takes the form

kv = f(ti, )
Yivr = Yi +hBiki =y +hB1f(ti, ys)
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Example 1: Euler’s method

o For s =1, the Runge-Kutta method takes the form

kl = f(tl7yl)
Yir1 = i +hBiki =y +hB1f(ti,yi)
o We have
0Yit1 |0 B o
oh o - ’ah (yz + hﬁlf(tzayz)) - = ﬂlf(t“yz)
and

¢1(t7x) = f(t’x)

Nonlinear Differential Equations
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Example 1: Euler’s method

o The equation

ayi-i-l

(8),(6)
<
oh h=0

= ¢1(ti, yi) Bif(ti,yi) = f(ti, ys)

is satisfied for 81 = 1.
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Example 1: Euler’s method

o The equation

0y; 5),(6
% = ou(ti yi) Q0 Buf(ti,yi) = f(tisys)
h=0

is satisfied for 81 = 1.

o Result: Euler's method

Yir1 = Yi + hf(ts, yi) -
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Example 2: Heun’s method

o Heun's method is given by the coefficient scheme

7| O 010
Y2 | a1 O = 111 0
1 1
b1 B2 2 2
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Example 2: Heun’s method

o Heun's method is given by the coefficient scheme

M| O 0|0
Yo | az1 O = 111 0
1 1
B Be 2 2
o The corresponding method can be written as
ki = f(ti,vi)
ky = f(ti+ h,y; + hky)
1 1
; = yi+h|=ki+-ko| .
Yit1 Yi + (2 1+2 2)
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Example 3: RK 4

o A very elegant method of order 4 is given by the scheme

k1

ko

k3
k4

Yit+1

f(ti, vi)
h h
f (ti + 7Y + 2k1>

h h
! (ti + 7Y + 2k2)
f(ti +h,y; + hks)

1 1 1 1
Yi + h (kl + *]{2 + *kg + k4> .

6 3 3 6

This method is called the classical Runge Kutta method.
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Step-size control

Main idea

o User input: local error tolerance TOL and absolute tolerance ATOL.
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Step-size control

Main idea

o User input: local error tolerance TOL and absolute tolerance ATOL.

o Compute two approximations
Yn+1 = (Y, h) + O(R™™) and 241 = 2(yn, h) + O(R"?)

with different local convergence orders, where x(-, h) denotes the

exact solution of
vt € [0,h], d(zo,t) = f(z(wo,t)) with z(20,0) =9
in dependence on xg.
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Step-size control

Main idea (continued)

o Compute componentwise error estimates

o Y15 — Znt1ll
J = TOL[y, | + ATOL
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Step-size control

Main idea (continued)

o Compute componentwise error estimates

o Y15 — Znt1ll
J = TOL[y, | + ATOL

o Determine a new step-size h — p , e.g. with p=0.9.

_h__
VA
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Step-size control

Main idea (continued)

o Compute componentwise error estimates

o Y15 — Znt1ll
J = TOL[y, | + ATOL

o Determine a new step-size h — p%ﬂﬂ e.g. with p =0.9.
€

o Accept the step if |le]] < 1 (usually oo-norm); reject otherwise.
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The Runge-Kutta-Fehlberg method is given by the tableau

The two steps have consistency orders 1 and 2, respectively.

Nonlinear Differential Equations

Example: Fehlberg’s Method

0

1)1

2 2

1L 25
256 256
1255 1
512 256 512
1 255
256 256
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Contents

o Stability Analysis
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Linear Test Problem

An important test problem for numerical integration schemes is given by

the linear ODE

for a parameter A € C, Re(X) < 0.

o Write the ODE integrator step in the form yx1 = I(f, h, yx)

o If the integrator satisfies
Vh >0, [I(f, hy)ll2 < llyll2

for all A € C with Re()\) < 0, then the integrator is called A-stable.
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Stability of Runge-Kutta Integrators

The integrator step of a Runge-Kutta scheme is given by

E = XMy-1+ hAk)
I(fhyy) = y+hbTk
It can be written in the form
I(f,h,y) = R(h\)y
with R(a) = 1+abT(I—-ad)™'1

The method is A-stable if |R(a)| < 1 for all & € C with Re(a) < 0.

Notice: there is no A-stable explicit Runge-Kutta integrator!
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Examples

o The explicit Euler method, yxt+1 = yi + hf(yx), satisfies
Rla)=1+«.

This method is clearly not A-stable.
o The implicit Euler method, yix+1 = yx + hf(yk+1), satisfies

« 1
R(a):1+l—a:1—a'

This is an example for an A-stable method.
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Examples

o The trapezoidal scheme (order 2) is given by

kv = flyr)
1 1
ko = f (yk + §hk1 + 2hk2>
h h
Ykt1 = Ykt kit ke

o The method is A-stable, because we have
-1

Rla) = 1+

Nl N

24«
2—«
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L-Stability

o Notice that A-stable methods do not always perform well for very
“stiff” test differential equations; that is, for Re(\) <« —1.
o A method is called L-stable if

1. it is A-stable and

2. we additionally have lim R(a) = 0.

a—r—00

Examples

o The implicit Euler method, R(«) = 12—, is L-stable.

o The trapezoidal rule, R(a) = gf—z is A-stable but not L-stable.
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Contents

o Multi-Step Methods
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Multi-Step Methods

o Taylor model based integration and Runge-Kutta methods construct

Yy in dependence on yj_1.

o This is in contrast to multi-step methods, where y; may depend on
Yk—1,Yk—25 -+ - Y—m-

o Of special interest are the so-called linear multi-step methods, which

have the form
Zamfiykfm - hZBmfzf(ykfz) with ar = 1
i=0 i=0

o The method is explicit if 5,, = 0. Otherwise, it is implicit.
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Multi-Step Methods

o Linear Multi-Step Methods (LMMs) can be constructed by starting

with a numerical integration formula,
e / J@(r)dr = g 5+h25m Fa(t = ih)) + O(hT+).
Thus, if yp—; ~ x(t — ih), we have
o= DS B S = el
i=0

The consistency order g of this approximation depends merely on the

accuracy of the numerical integration formula.
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Examples

o Adams-Bashforth formulas (explicit)

s=1,m=1: Yk Yk—1 + hf(ys—1)

Ye—1+h <§f(yk1) - 1f(yk2))

s=1m=2: Yk 5

o Adams-Moulton formulas (implicit)

s=1,m=0: Y = Yk—1+ hf(yx)
1 1
s=1m=1: e = yk—1+h<2f(yk)+2f(yk—l)>
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More Examples

o Nystrom's method (s = 2)

Yk = Yr—2 + 2hf(yr—1)

o Milne-Simpson method (s = 2)

1

$ )+ )+ 3 o))

ykak2+h<

o It's easy to come up with more methods: any numerical integration

formula yields yet another LMM.
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Backward Differencing Formulas (BDF)

o Instead of numerical integration, we can also use numerical

differentiation to derive LMMs. This yields BDF methods.

o Examples:

Yk — Ye—1 = hf(yk)
4 1 2
_ . = Zh
Yk = Uk 1+3?Jk 2 3 f ()
18 9 2 6
Yk — ﬁykﬂ + ﬁyk72 - ﬁykfz = ﬁhf(yk:)

o Exercise: combine numerical differentiation and integration to derive
even more LMMs...
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Dahlquist’s Theorem

Theorem. Let f be globally Lipschitz. The iterates of the LMM
> m-ik-m=hY Bm-if(yei) with ag=1
i=0 1=0

converge to the solution of the ODE, &(t) = f(x(t)) for h — 0, if
1. the initial iterates yo,y1, ..., Ym—1 CONverge,

2. the method is consistent (= has at least consistency order 1),
m m m
Zai =0 and Ziai +ZB¢ =0, and
i=0 i=0 i=0
3. the roots \; € C of the first characteristic polynomial
m
p(A) = Z o\’
i=0

satisfy |A;| < 1 and all multiple roots satisfy |A;| < 1.
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